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a0 INTRODUCTION
101 References

[1] R B JT Allenby and E J Redfern, Introdudion to nunber theory with
computing (Edward Arnold 1989)

[2] H Davenpott, The Higha Arithmetic, an introdudion to Number Theory
(CUP 14 ed. 1952,8th ed. 2006)

[3] A Baker, Acondseintrodudionto thetheory of nunbers (CUP 1990)

a02 Preamble

This course examines some interesting properties of thering Z of integers. The
subject has been studied since the earliest times (the Babylonians and Andent
Greeks made notable contributiong and has exercised the talents of some of the
greatest mathematicians (Diophantus, Fermat, Euler, Gauss, Hilbert, ... ). With
the widespread use of computers much of what a few years ago could be
regaded as a dry academic study has come back into the maindream of
mathematics.

As G H Hardy and E M Wright wrote in the Preface to An Introdudion to the
Theory of Numbers (1938)

. the subject matter is so attractive that only extravagant
iIncompetence could make it dull.

Carl Friedrich Gauss (1777D1855)
Mathematics is the queen of the sciences and number theory is the
gueen of mathematics.

Leopold Kronecker (1823D1891)
Die ganz Zahl schufder liebe Gott, alles T brigeist Menschenwerk.
[God madetheintegers, all elseisthework of man]



al PRIME NUMBERS
all Badgcproperties

Definition
A podtiveinteger > 1iscalled primeif it is notdivisible by any postive
integer other than itself or 1

Remarks
1) 0Oandlarenotregaded as primes. It is sometimes convenient to take the
negdive numbers E2, £8, £6, B, ... as primes also.

2)  We can locate the primes 2, 3, 5, 7, 11, 13, 17, ... by udng the Sieve of
Eratoghenes (276 BC B195BC).
Start with the natural numbers from 2 onwards and strike out all multiples
of 2, then 3,then 5, ... At each stageremove all multiples of the smallest
number remaining. This process (for numbes < 1000000 say) is
surprisingly efficient.

Theorem (Eudid about300BC)
There are infinitely many prime nunbers

Proof
Suppo® there are only finitely many: p;, p,, Ps,..- P,- Then look at the

number p;p,pPs...p, +1=N

Now any number is either prime or divisible by a prime (if it is composte
then apply the same argument to each factor) and N leaves aremaindea on
divisionby py, po, p3,...P,-

Henceit isaprime, contradicting the original assumption. []

Definition
The highest common factor (or greatest common divisor) of a par of
pogtive integers a, b isthelargest integer hcf (a, b) dividing both.
If hcf (a, b) = 1then a, b are called coprime.

We recall theresult:
The Euclidean Algorithm

The highest common factor d of integers a, b an be written in the form
d = ax+ by forsome x,yinZ. []



Example
The highest common factor of 123and 456is 3

a= 123456 =b
bb3a= 87369 =3a
b+ 4a= 36| 87 =bb3a
6bb22a= 72 =BEPb+8a
Brb + 26a = 15 =3bblla
12 =8l14b+52a
3 =170 b63a

o

oo o

Remarks
1) The proof tha the algorithm works is essentially by congruction,
following the aboveexample.

2)  Note tha to prove the Eudidean algorithm we only needed the Division
algorithm to hold.

3) We note tha this process is "computationdly efficient’. That is, its
difficulty increases in proportion to the number of digits of a, b notin
propottion to thesize of a, b.

We use the Eudidean algorithmto prove:

The Fundamental Theorem of Arithmetic
Every postive integer can be written as a produd of primes in an
essentially uniqueway (i.e. uniqueup to the order of thefactors).

Proof
a) Itiseasy to see tha any number can bewritten as a produd of primes:
If nisnotprime it can be written as a produd of smaller nunbers. Then
apply the argument to each of these smaller nunbers until oneis left with
aprodud of nunmbers which cannotbe split up further.

b) Uniguenessisthetricky bit.

Lemma
If aprime p divides aprodud ab then it either divides a or it divides b.



Pr oof

If p does not divide a then (since the only factors of p are 1 and p)
hcf(a, p) = 1 and so by the Eudidean Algorithmax+ py =1 for somex, y
inZ.

Hence abx +pby = b and since p divides both terms on the LHS it mugt
divideb. []

To finish the proof of thetheorem

If N=ppyp;3-...- Py = 40o05 ---0yy 1S @ produd of primes in two ways,
then p; divides q;(0,0s...9,,) and hence either p; =q; or p; divides
0,05 ---0y, and we can repest the process to (eventudly) get p; = some
G-

Then cancel out these two and repeat the process to match each of the
pswith oneof the g;s.

I.e. thetwo factorisationsare "essentially" the same. []

Remarks

1)  Althoughthe Fundanental Theorem may seem "obvious' the uniqueness
propaty is by no means trivial. There are systems in which, although
factorisation is possible, uniqueness fails.

2)  The above proof shows tha any ring which has a "Division Algorithm"
[a can bewritten asgb + r with |r|] < b] and hence a Eudidean Algorithm
will have unique factorisation. There are other systems in which unique
factorisation holds even thoughthey do not have adivision algorithm.

3) Theeisadifferent proof of theabovetheoremin[1l] @14 andin[2] ©14.

4)  Factoring nunmbers is in general a computationdly very difficult process.

Hence although for small numbers (say < 1000) finding the hcf by
factorising them is OK, the Eudidean Algornthm is much easier for
bigge ones.



al2 Some applications of Group Theory

We recall some facts from elementary group theory.

Theorem
Theset of al integersintherangel, 2, 3, ..., n D1 which are coprime to
n forms an abdian group unde multiplication modulo n. []

This groupis called U , (thegroupof unitsin thering Z , ).
In paticular, if pisprimethen U, =Z ;" {0} .

Definition
Theorder of thegroup iscaled Euler's “-function. Tha is, “(n) isthe
number of integersin {1, 2, 3, ..., n D1} which are coprimeto n.

If pisprimethan “(p)=p#Ll.
For other numbers we may calculate ¢(n) usngtheresult:

Theorem (Euler 1760
1) If m,narecoprimethen “(mn)="(m)"(n).
2) Ifpisprimeandkisany postlvelnteger then

"(p) = p(p#1) = pg;l# z

Proof

1) By elementary ring theory, if m, n are coprime then Z ., is the direct
produd Z " Z,. Themultiplicative identity in Z ," Z,, is(1, 1) and so
an element (a, b) in Z,,, has a multiplicative inverse if and only if a is
invertiblein Z ,, andb isinvertiblein Z,,. Hence the number of invertible
elementsin Z ," Z, is "(m)"(n).

2) Theonly elementsinl, 2,3, ..., p" which are not invertible modulo p"
arethe pknlelements p,2p,3p, ..., pk "p pk.
Hence "(p*) = p* # p"*. O
Remark

Y ou can find direct proofs of thisin [1] ®3.3 and in [2] all.4.

Example
To caculate "“(72)

72=2%33% andso "(72) = " (2%)"(3%) =22 (2#1)3(3#1) = 24.
6



From elementary group theory recall:

Corollariesto Lagrang€s Theorem
If g is an element of a finite group G the order of g divides |G| and
IGI —;
g™' =id. []

Applyingthisto U , we deduce

Theorem (Euler agan)
For any n and a coprime to n, we have a' W =1 (modn) O

and in particular:

Fermat's Little Theorem (Fermat 1640, proof Leibniz)
If p is prime then aP =a (mod p) for any integer a or a * =1(mod p)
for any a coprime to p. []

Remark
Direct proofs of Fermat's Little Theorem arein[1] @32 and [2] 11.3

Another result easy to deduce from elementary algebrais:

Wilson's Theorem (JohnWilson, 1770thoughLeibniz knew it earlier)
If pisprimethen (p B1)! = B1 modulo p.

Proof
Since Z ; isafield (p B1)! congsts of the produds of al the elementsin

thefield. Hence every element is cancelled by its inverse except for those
which are their own inverses. Theonly such elements are 1. []

Remark
In fact the convese of thisresult istrue That isif (p ©1)! = B1 modulo p
then pisprime.

We can use Fermat's Little Theorem to make:

Test for primality Mark |
To test whether a number n is prime or not, evauae aP ! (modp) for

some nunbers a. If theanswer isnot 1 then nis notprime.
7



Remarks

1)  Some numbers do satisfy " ' =1(modn) without being prime. Such a
number is called a pseudo-prime wrt a.
In fact some nunbers are so perverse tha they satisfy a" =a (modn) for
any a. (Tha is, they are pseudopimes wrt any integer coprime to them.)
Such nunbers are caled Carmichad numbes (after R D Carmichael
(1879D1967)who discovered them in 1909).
Thesmallest Carmichael nunber is 561and the next oneis 1729.

2)  Neverthdess, the aboveis still a useful test for primality (or rather for
nonprimality) since calculating aX (modn) is not computationdly too

difficult. The amount of calculation is propottiond to the nunber of
digits of k rather than to the size of k.

Method of calculating powers
To calculate a* (modn) start with a and calculate a® (mod n) and then

find a*, a® and so on by squaing each time. Then write k in binary
notation and piece togeher ak from the various powers aready
calculated.
197

eg. 27'(modl)
In binay 197= 128+ 64 + 4 + 1 and we can calculate tha mod 11:
22=4,24=52%=32'9=92%=42%=52"=3 andso
2197 =3" 5" 5" 2=7(mod1])

So nowwelll try and improvethe abovetest usng thefollowing.

Theorem
If p is an odd prime then the equaion x*> =1 has exactly two solutions in
Z
Proof
We have x*" 1=(x" 1)(x+1) =0 if and only if oneof xDLlorx+1=0
modulo p. (Thisisbecause Z ;[x] is an "Integral domain” for those who

know what tha meand) []

p:

So now suppo® we have tested whether or not n was prime as above by
calculating a™* and getting 1 (modulo n). Then suppoe g=,(n"1) (an
integer since we mugt have n odd) and calculate x =a% (modn). If thisis not+1
then we would have three solutionsto x? =1 and so n could not be prime.



In fact if a% =+1 and q is even, we can repeat the process by calculating a¥?
and so on.

If we never detect tha a composte number n is a non-prime by this process we
call nastrong pseudoprimewrt a.

Examples
2°%0 =1 modk61), 22%°=1mod(56), 2'*°=67mod(56) and so 561
IS not prime (and althoughit is a pseudogprime wrt 2 it is not a strong
pseudoprime).
21728 =1 mod(729, 2804=1, 2432=1, 226=1, pl08-1
2°% =106E and so 1729is not prime (and athoughit is a pseudopime
wrt 2 it is nota strong pseudopime).

Remark

The smallest strong pseudopime wrt 2 is 2047. There is no number
< 3" 10° which iIsastrong pseudopimewrt 2,3,5and 7.

We usthe above as thebasis for:

Primality test Mark |1
To test n for primeness (or non-primeness in fact!):
Dividen D1 by 2 until you get an odd nunmber q (say).
Then calculate (modulo ) m=aY. If m= +1 then n passes the test for a.
If m! +1 then calculate m? =a9. If thisis BL then n passes, butif it is
+1thennfails. Ifitis! +1then squae agan.

Repest thetest for several different values of a.
Remark

This is the primality test used in Maple and other symbolic computation
packages.



al3

Fermat and M er senne primes

Fermat (1601D1663)examined integers of theform 2K +1. He proved:

Theorem

Pr oof

If anunber of theform 2% +1is prime, then k=2" for some m.

Recall tha x3+1=(x+1)(x*" x+1) and in genera, if n is odd,
X" +1=(x+D)(x" 1" x"?+...+1). (Use the Remainde theorem or the
sumof aGP.)

So if k = abwith b odd, we may put x=2% and get 2% +1=x" +1 which
is hence divisible by x+1=2% +1. Hence if 2X+1is prime, k has no odd
factors and must be a power of 2. []

Remarks

1)

2)

3)

The number 22" +1 is called the mth Fermat number F.,- Thefirst few
ae. F =5, F,=17, F =257, F,=65537 and these are prime.
Fermat (1640) bdieved/hopeal tha all the F, were prime. However,
Euler (1732) proved that F5 =429496729 isdivisible by 641.

Fe =2% +1 = 1844674407370955161£76728042131072127417: In
fact no other prime F,;s are known.

Gauss proved the amazing fact thet if F,, is prime then aregular F,-gon
can be condructed by ruler-and-compass methods

Factorising F,, is heped by thefollowing:

Theorem (Euler)

Pr oof

Any prime factor of F,, isof theform q 2™1 +1 for someq.

Suppo® p divides F,. Then 22" = 1(modp) and so squaing gives
22" _ +1(modp). By Fermat's Little Theorem 27! =1 (mod p).
Let d =hcf(p" 1,2™H) =(p" 1)x+2™y.

" m+1 y
Then 2° = (2° 1)X(22 ) =1*1Y =1(modp).

10



Now d is a power of 2, say d=2% and since 22 =1(modp) but
22" =1(modp) we mug havek" m+ 1.i.e. d=2m"
Hence p D1 isdivisible by 2™? as required. O

Application
Any prime factor of F; =2 +1 mus be of the form 64k + 1. So the
possibilities are: 65, 129, 193,257,321, 385, 449, 513,577,641, ... and
so ignoiing those which are not prime we need only try a few before
finding a factor.

Remark
The factor 27417/ of Fg mentioned aboveis 2142" 128+1. The other
factoris 525628291490128+1

Another set of primes of great interest was studied by Mersenne(1588D1648)

Theorem
If 2™ " 1isprimethen mis prime.

Proof
Note that x D1 divides x* " 1 and so if m= abthen (put x = 2”) we have
a
oM 1= (2b) " Lisdivisible by 2°" 1. 0
Remarks

1)  Thenumbe 2M" 1iscalled the mth Mersennenumber M.

2)  Notetha M, isnotprimeforall primesm.
eg. 2M " 1=2047=23#89
The values of m for which it is known that M, is prime are: 2, 3, 5, 7,
13,17,19,31,61,89,107,127,521,607,...
Mersennehimself got some of them wrong.
Lucas (1842 D 1891) proved in 1876 tha M;,;, was prime. Until the

computer agethis was thelargest known prime.

3) The set of Mersenne nunbers is a popubr place to look for the largest
known prime. This is because there is a convenient mathematical test
(Lucas 1876)to show tha they are prime. There are now 47 Mersenne

primes known; the latest discovered in April 2009. The largest known is
M 4311260 Which has 12 978 189 decimd digits.

11



4)  Onemay prove asimilar result about the factors of Mersennenumbers to
tha aboutthe Fermat numbers above

Theorem (Fermat 1640
Any prime factor of 2™ " 1 is of theform 2mk + 1.

Proof
If aprime p divides 2™ " 1 then 2™ =1 (modp) and 2 * =1 (modp) by
Fermat's Little Theorem. Let d = hcf(p B 1, m) and writed = (p BD1)x +
my. So (as before) 29 =1(modp). Since 29" 1 is divisible by p we
cannothave d = 1 and since mis prime we mugs have m dividesp B 1.
Sincepblisevenit followstha 2mdividesp D 1. []

The Andent Greeks were interested in:

Definition
A number iscalled perfect if itisthesum ” (n) of all its prope divisors.

Examples
"(6)=1+2+3=6, "(28)=1+2+4+7+14=28, €lc.

Theorem (Eudid c 300BC)
A number of the form 2™ 1(2™" 1) where 2™" 1 is prime is a perfect

number.
Proof
If 2™" 1 is prime then the prope divisors are:
1,2, 4, ..., 2" and p, 2p, 4p, ... , 2™ ?p and summing gives
2M" 1+ p(2™ir ) =2"1p, O
Remarks
1) Thefirst few of thisform are 6, 28, 496, 8128,335503%8, ... withm = 2,
3,5,7,13,...

2)  Euler (in a poghumoudy published pgper) proved tha any even pefect
number mug be of this form.

3) It is (still) not known if there is an odd perfect number. If there is it is
greater than 10%°C,

12



al4 Thedistribution of primes

Primes become rarer as they get larger Broughly spesking because there are
more possible divisors for alarge number than for a small one

For example: upto 1000000 there are about80 000 primes
upto 2000000 there are about140000primes
upto 10000000 there are about620000 primes
up to 100000000 there are about5 000000 primes

In fact the way the primes are distributed is very regular. Thebig result is:

The Prime Number Theorem
If #(x) = # primes $ x then " (x) ~

whaewesay a~ b if a. las
log, X b

X" #.

Remarks

1) This was conjectured by Gauss (1777 B 1855) and Legendre (1752 b
1833) and eventudly proved in 18% by so-called Analytic Nunmber
Theory by Hadamard and dela VallZe Poussin, thoughErd3s and Selberg
founda proof in 1949which did not use Complex Anaysis.

2)  Gauss and Legendre came up with different estimates of #(X).
X

Legendre verified experimentally that L(x) = log(x) + 1.0836¢€
X )

iIsa"good

fit" for #(x).

Gauss (in 1792 at the age of 15) defined the Logaithmic Integral
nx dt

2 log(t)

which is a'so agoodfit for #(x).

3) Riemann connected the problem with the /-fundion (defined by
"(s)=H is) and more advanced study of this part of nunber theory
n

involves looking at this fundion.

We shdl prove a "weak" version of the Prime Number Theorem following the
method of Chebyshev (1821 ©1894)in 1850.

13



A weak Prime Number Theorem
If nislargethen O. 66— <" (n) <1. 7N
logn logn
(Chebyshev actudly proved it with better bounds £11%)

Pr oof
11 2n% 2n|

We look at the binomial coefficient gn& ( |) . The numerator contains
n

the product of all the primes from n to 2n and none of these can be

cancelled by the nunmbers in the denominaor. Since each of primes
"2n(y 2n)+*(n

between n and 2n is > n)weha/ei ( ) p >n VM,

primes
n<p,<2n

n 2n l|2n% n ||2n0/
Also 47 =(1+1) =1+...+£ '+...+1landso 4 >£ '

n& n&
Hence n” @W*" (W < 4" and taking logsgives

log(n)(" (2n) # “ (n)) < nlog(4) or “ (2n)# " (n) <1.39——.

logn
So take (say) n > 1400and assume by indudionthat “ (n) <1. 7@
Then "(2n)<139 1 +17 " =300 " <, 1.7 2" whee * is
logn logn logn log2n

equivalentto 3.09log(2n) <0.34logn or 3.09l0g2 <0.31logn or
logn>6.910rn>1002.Hencetheresult is valid for 2n.

Now well doit for 2n + 1.

"(2n+D)# " (2n)+1< 3.09L+1<* 1.7ﬂ where* is:
logn log(2n+1)

LHS< 3.09" +0.01-" <31 " =Aand

logn logn logn

RHS > 1.7ﬂ = B and as above we can verify tha A < B holds
log(2.01n)

for n> 1359.

So ourindudive step holdsand we have proves half of our result.

For the other hdf:

Lemma
0

If pisprimeand p™ isthelargest power ofpdmdmga then p™ "

14



Pr oof

12 "16%
eg.| T|=792=9x8x11 ¢ ' =1140=16(13(11(5
5 ¥58

If p" is the largest power of p dividing n! then (See Tutoria 3)
"n% ' % "nY
r _i " n +$— where p' isthelargest power of p $ n.
P& #p & #p' &
Then if p'2 is the largest power of p dividing k! and p" is the largest
power of p dividing (n Bk)! then the largest power of p dividing

"n% nl . )n% % n( k% )'n%" k%"n(ko”/0

r=_ " +*$— $—' . and
e KR! Png f&ﬁ ¢ e B &(#p &
eachtermin{ } is! 1.Hencethislargest poweris! tand p' " []

"n%
Now §< isdivisible by at mog ! (n) primes and from thelemma, each

n S5 ) m)
power of th@edlwdlng§< is! n.i.e ﬁ( (n

Also 1+1)" —1+§ 0/1%?0/1 +§1 ?/11
& (1&

and so theRHSis! (n+21)n™M.

i.e. 2" (n+1)n”(" andtaking logsgives

nlog2" Iog(n +1) + #(n)log(n).

So " (1) #; 2 log 2glo9*d 2 n

logn 3 Iogn
* isequivalentto 3log2" w# 2 or logi+1)., 0.08 which istrue
logn n
for n > 200since '092(;)1:0.027. O

Remark

Chebyshev was more careful with his estimates and hopel that methods
like this would prove tha (1" #)L <$F(X)<(1+ #)L for arbitrarily
logn logn

small ”, butlater mathematiciansfailed to do this.

15



alb5 Factorisation

Factorisation of large nunbers is still a difficult process thoughmuch progress
has been maderecently. (Therecord of about190digits took 5 monthsin 2005)

M ethods

1)

2)

Trial division

Divide by all the primes up to %.

A variant is to choo% a produd P of the first few hunded primes (say)
andthecalculate hcf(P, n) usng the (efficient!) Eudidean Algorithm.

Fermat's method

Fermat used (with some success) thefact that (x" y)(x+y) =x?" y? and
so if a number can be factored (into odd factors, say) then it can be
written as the difference of two squaes. (Once you know x and vy, it's

easy!)

Howtodo it

3)

To factorise n=x%" y?, start with y = 1 and test whether n+y? is a
perfect squae; then takey = 2, etc.

Fermat tested this by observing tha only a few pars of digits can end a
perfect square and so he only needed to go further in afew cases. Thisis
called "Sieving". Fermat's method is still used by computers, but since
taking roots (even on a machine) is still a difficult process, the computer
will sieve severa times working modulo several different nunmbers and
eliminae numbers which cannotbe squaes.

Fermat chdlenged the English mathematicians of his day to factorise
202765128 = 44021! 46061.Using his method he needed to only go as
far asy = 1020before finding factors.

Pollard's Z~method
Thiswas introduced in 1975
The idea is tha if p is a factor of n and we choo® random numbers

X1, X2, Xz, INZ then it is more likely tha plx " x; than tha
n|x " Xj. Since one doesn't know p one . —x
detects  this  situation by  taking o8

hef(nx " x;).
In fact, iterating a formula like
f(x)=x?+1(modn) generates a suitable
"randont’ sequence. This has the advantage

16



that if x, =X, (modp) then x,,; = x4, (Modp) etc.
So the sequence becomes periodic with period s br.

If kisthe smallest multiple of sBr > r then 2k is also a multiple of sBr
and so X, = X, (Mmodp) and so we need only calculate hcf(n, x, " Xy ) -

This method was used in 1980 to factorise the 8th Fermat number
Fs =2%°+1. This is called the #method because of the appearance of

thediagram above

Example

4)

Taken =77 (It should beeasy to spotthehcf !)

] 1 2 3 4 5 6
X 2 5 26 61 26 61
xi " xl/2 3 56 35

Note tha the sequence is already periodic.
Then hcf(77,56) = 7 and we have afactor.

Othe methods

More recent methods have been developeal to exploit the speed of moden
computers. They indude Pollard's p D1 and p + 1 methods the Elliptic
Curve Method, the Quadratic Sieve Method, ...

Thework in earlier sectionsshowed tha numbers of the form 2™ +1 had
restrictionson what could be thar factors. It tumsout tha if n £ 1 have
convenient factorisations then some clever shortcuts may allow the
factorisation of n. So if you want a number n which is difficult to
factorise you shoud take precautions that it is not one which such
methodsmay be able to tackle.

17



al6 Cryptography

Cryptography is a process used to conceal information from anyone not
possessing "the key" to decipheingit.

In The Dandng Men in The Return of Sherlock Holmes, Holmes is able to
decipha a simple subditution code and writes a letter in it to summon the
crimind.

"If the lady is hurt as bad as you say, who was it that wrote this

note?" He flungit onthetable.

"| wrote it to bring you here"

"You wrote it? There was no one on earth outside the Joint who

knew the secret of the danang men. How came you to write it?"

"What oneman can invent, anoher candiscover” said Holmes.

With a traditiond cipha system anyore who knew enough to deciphea
messages could, with little extra effort, determinethe encdpheaing key. Here isa
guottion from the autobiography of Casanova

Five or six weeks later, she [Madane dUrfZ asked me if | had

deciphaed the manugript which had the trangmutation process. |

told her that| had.

"Withoutthekey, sir, excuse me if | bdieve thethingimpossible.”

"Do youwish me to namre your key madane?"

"If you please.”

| then told her the key word, which bdonged to no languageand

saw her surprise. Shetold me this wasimpossible, for she bdieved

herself the only possessor of that word which she kept in her

memory andhad never written down.

| could hawe told her thetruth N that the same calculation which

had served me for decipheaing the manusript had enabled me to

learn the word N but on a caprice it struck me to tell her that a

genie hadrevealed it to me. Thatday| became mager of her soul,

and | abusd my power. Every time | think of it, | am distressed

andashaned, and| do penance nowin the obligation unde which

| place myself in telling the truth in writing my memoirs.
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As an application of primes and factorisation we consdder the RSA (Rivest,
Shamir, Adleman, 1978 public-key encryption system.

The object of thisis to arrangefor A (Alice) to send B (Bob) a message without
an outsider who intercepts it being able to deciphe it. Such methodsin the past
had always involved A and B arranging between themselves a method of
encryption/decryption known only to them. This usudly involved the swapping
of "keys". Such systemsin the past were nearly always broken.

The public-key system has the propety tha the encoding system that A uses to
endphea her messageis public, butonly B can deciphe it.

This is donevia a "trap-door" fundion" (a fundion which is easy to calculate
but whose inverse is hard to calculate). The RSA system uses the fact tha it is
easy to write down the produd of two (prime) factors, butit is very hard to find
thefactorsif only the product is known.

Theory
Let pgbeaprodud of two (big) primes. Then Z ;" U ,q # C g1 Yo

Letm=lcm(p D1, qD1). Then x™ =1forany x" U .
Choos numbers: c acoding power
d adecoding power
with cd = 1 (mod m) (usng the Eudidean algorithm).
Then x° = x forany x" U o
Note tha cd=1(modp" 1) and (modq" 1). Then if x" Z,, we have
xP'1 =1(modp) and so x° = x (modp). Similarly x°® = x (modq) and
s0x% = x (mod paq).

SowegettwomapsZ , " Z,:coding: xa x¢ and decoding: x a x4

which are mutudly inverse.

Method

B chooses two big primes p, q and calculates N = pg. He calculates m =
lcm(p D1, g B1) and chooss (at random) a nunmber ¢ coprime to m, B
calculates d with cd = 1 (mod m) and then destroys p, q, m and publishes
N, c. He keeps d very safe.

Then if A wants to send a message she trandates her characters into (say)
ASCII code(in blocks of 3 digits). She puts all these blocks together into
blocks smaller than the length of N (and not a multiple of 3 otherwise one
just gets a subditution code)
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Then she (or her computer) raises each block to the power of ¢ (mod N of
course) and sendsthen to B.

B can recover the origind message by raising each block to the power of
d.

Remarks

1)

2)

Note that a public-key system gives alot of hdp to awould-be cracker.

a) Thecracker has "unlimited time" to attempt the factorisation.

b) Althoughfactorisationis difficult, for some produdsit may turn outto be

easy. The codesetter should apply all known algorithms to the produd
before releasing it N and hopethat the cracker doesn't know any new
ones!

One can be confident of the source of a message by usng the system to
give a "signaure". Alice can put an authentication into her message by
raising a message to her decoding power. Then if B raises this to Alice's
coding power (public!) he can recove the message and be confident that
it comes from someonewho knows the decoding power. (Alice had better
not use the same authentication string every time!
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a2 SOME OTHER ARITHMETIC SYSTEMS
821 Gaussianintege's

There are some other arithmetic systems which give ingght into wha hgppens
inZ. Here is an example.

Definition
Theset of Gaussian integers Z[i] is thelattice of integer pointsin C.
i.e.  Z[i]={a+ibla,b" Z}

It turns out that this set has some very nice algebraic propeties.

Definitions

Thenorm of aGaussian integer a+ ibis
N(a+ib)=|a+ib[P=a®+b*" Z

A Gaussian integer u divides a Gaussian integer v if v
= uqfor some (quotent) q" Z[i].

Then we have

Theorem (Thedivision algorithm for the Gaussian integers)
If uv" Z[i] then " g,r # Z[i] (Quoient/remainde) such tha v =uq+ r

with N(r) < N(u).

Remark
Note tha if we measure the "size" of a Gaussian integer with N this is
similar to the division algonthm for Z where "size" of r is measured with

[Tl

Pr oof

Look at Yo C. Thisliesin a"cell" of the integer
u

lattice in the complex plane We may choaose a point

9,

E:|*{

q of the lattice within distance 1 of - and so we
\/

have q" Z[i] and S:E" q with | s| < 1. Then take

r = usandthen N(r) = |us® = [u?[s]” <[u® = N(u). O
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Remark
Note tha (unlike in Z) the quotent q is not aways uniqudy determined.

For example, if u Is in the shaded area there are four possible quotents
Y
within distance 1.
Definitions
The highest common factor hcf (or ged) of two Gaussian integers is the
largest (in Norm) Gaussian integer dividing them both.

Exactly asin theZ case we have the Eudidean Algorithm to determinethis.

Definitions
A unit in ZJ[i] is an element with a multiplicative inverse. The units, for
which we mugt have N(u) = 1, aretheelements +1 and +i.

Anirreducible or prime element in Z[i] is one which canna be written
as a produd of smaller (size measured with N) ones.

Then (because we have the Eudidean algorithm) the proof of @1.1 shows tha:

Theorem
Factorisation into primes in Z[i] is unique (up to order of factors and
multiplication by units). []

Which elements of Z[i] are prime ?
Examples
2isnotprimesince 2 = (1 +1i)(1 bi).
5isnotprimesince 5 = (2 +1)(2 bi).

1) If N(u)isprimein Z thenuisprimein Z[i].

Proof
If u= vw then N(u) = N(v) N(w) and so thenom would factor also. [l

Remark
Thenom of a Gaussian integer cannotbe a prime of theform 4k + 3.
Y ou can see this by working modulo 4 where a squaeis either O or 1.
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2)

Fora'rea" or "purely imaginary" Gaussian integer: a+ 0i or O + ai to be

prime we mug have a a prime in Z and it mugt be of the form 4k + 3
otherwise we could write it as a produd of Gaussian integers.

This follows from the result:

Theorem (Fermat)

Any prime of theform 4k + 1 can be written as the sum of two squares.

Pr oof

By Wilson's Theorem (p B1)! = (4k)! = B1 (mod p).

Now (4k)! = 123. ... .2k! (pD2K) (p
write X
X% +1=(1+ xi)(L" xi).

But p cannotdivide (1 = ix) in Z[i] since

produd of nonunitsin ZJi].

(2K)! this is x" (#1)%*x=

b2k +1). .. .(pDB1) andif we
x*(modp). Hence p divides

lxi

+—" Z[i]andso p mud bea

Then p = (a+ bi)(c + di) andtaking Norms we get

p® =(a®+b?)(c? +d?) and hence p=

sguaes.

Summary
Theprimesin Z[i] are:
a)
b)

A picture of the prime
Gaussian integersin the
"first quadrant”

a?+b%=c®+d? is a sum of
L]

ue Z[i] with N(u) = 2 or aprime of theform 4k + 1.
a+ 0i or 0+ ai for aaprime of theform 4k + 3.
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We can now factorise numbersin Z[i].

Example
Factoriseu =12 + 11i in ZJi].
N(u) = 144+121=265=5"! 53.
Hence a factor of u mugt have a norm which divides N(u) andso if uisa
nortunit its nom mug beeither 5 or 53.
Since both 5 and 53 are primes of the form 4k + 1 we can write them as
sums of squaes
So thepossible factorsof uare 1 + 2i and 7 + 2i
(Factors are only determined up to multiplication by +1 and +i.)
Experiment with these to get
(1D2)(7+2)=11Db12i=8B(12+ 11i)

We can use the aboveto write numbers as the sum of two squaes.

Writing an integer n in this form is equivalent to finding an element u in Z[i]
with N(u) = n.

To find such a Gaussian integer u, observe tha the norm of any factor of u mugt
divide N(u).

Method

1)  Factorise n (in Z). Say n=2 pip,..pud1d2.-q; Where the primes
Py, Py,... are of the form 4k + 1 and the primes ¢,,0,,... are of the form
4k + 3.
The primes of the form 4k + 3 can only come from factors of the form
g+ 0i or 0 + gi and hence these will occur as squares in the factorisation
of n = N(u).

2)  Write each of the primes p, as a sum of two squaes a® +b? giving a
factor of u of theform a = bi. (Thefactorsof 2are1 £ 1i.)

3) Piece together suitable multiples of these factors to get a candidae with
N(u) = u.

Example
To write 650= 2" 5% " 13 as a sum of two squaes.
i.e. Find u" Z[i] with N(u) = 650.
Possible prime factors of u will have noms 2, 5 or 13.i.e. 1+, 2 1,
3+ 2.
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Taking combinaions of (respectively) one two and oneof these will give
a Gaussian integer with the correct norm and a suitable representation of
u as asum of squaes in three ways.

@+i)2+i)(2" i)(3+2i) =5(1+5i)=5+25 # 650=5+25°
@A+i)(2+i1)?(3+2i) = @+i)(3+4i)(3+2))="17+19 # 650=17%+19°
@+i)(2+i)%(3" 2i) = (L+i)(3+4i)(3" 2) =11+ 23 # 650=11% +23°

Y ou can verify that choosng 1 DPi in place of 1 + i would give the same
sums of squaes.

Remark

Fermat showed that if the primes in the factorisation of n of the form
4k + 1 are p;" p, ... p™ then the number of ways of writing n as a sum
of postive squares is %("1+1)(”2 +1)...(" +1)| except that if al the
are even then add 1 before dividing by 2 (to alow for n= A% + A% or
n=A%+02).

eg. 8" 5°" 72" 13* " 17=2379131300 can be written as a sum of two
squaesin 20 ways: 153958 +9394%, ...
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Some other "subrings' of C (and of R) have some interesting nunber theory.

Thos of theform {a +bv/d |a,b" Q} whered is asquae-freeinteger (" 1) are

822 Integersin Quadratic Number Fields

called Quadratic Number Fields.

An element of one of these is called an algebraic integer if it satisfies an

equaion x2 +bx+c with b,cE Z.
Thequadratic integers then form asubring of R or C.

Well bemog interested in the Imaginary QNFs where d < O.

Examples

1)

2)

3)

If d = Bl the quadratic integers are the Gaussian integers Z[i]. Note tha
this is a ring with a division algorithm and hence a Eudidean algonthm

and has uniquefactorisation.

If d = ER the quadratic integers are al of the
form a+bv"2 # Z[#E2).
We can work as in the Gaussian integer case

by taking % ina"cell" and choosng a lattice

point within distance 1.

As before we have a choice of qudients for
some pairs.

Since we have a division algonthm we have a
Eudidean algorithm and hence unique
factorisation.

If d = B8 we may look at the elements of the
form a+bV"3# Z[#EB] but this time the
method of proving the division algorithm fails

because we might have — right in the middle
\/

and distance exactly 1 from each lattice point.
And indeed, unique factorisation fails for this
ring.
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4) In fact, if d = £8 the element
" :%(#1+x/ﬁ) is an algebraic o l+o
integer and the algebraic integers are
of theform a+b" +c” 2 where a, b,
c are integers and $ is a cuberoot of
1. We write this as Z[" ]. These then -1 1
form a lattice in C as shown and
agan we can aways choos a lattice
point within distance 1 of any ,

. u -]-w -
quoient —.
Y

These are sometimes called the Eisengein integers.

Remarks

1) Thealgebraicintegersin the QNF with d = +2 or 3 (mod 4) are generated
by 1 and %l; if d = 1 (mod 4) they are generated by 1 and %(" 1+4/d).
Ford < Othevalues B, £2, B8, b/, Bl1 are the only ones with adivision
algorithm. For d = P19, P43, 867 and B163 the ringsof algebraic integers
have uniquefactorisation. (It findly proved tha these were the only ones
in 1966)

2)  Theringsof algebraic integers with d > 0 are more difficult to deal with.

The formula N(a + b%l) = a®" b*d gives a norm for the ring jug as in
the complex case.

Some of these rings have division algonthms and many more (nobody
knows how many!) have uniquefactorisation.

In 1876 Lucas devised a cunning test for Mersenne primes based on
Z[93].
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823 Lagrangesfour squarestheorem.

This was proved by Joseph-Louis Lagrange (1736 D 1813 in 1770 following
work by Euler. It had been conjectured earlier by Bache (1581 b 1638, by
Girard (1595D1632)and by Fermat N possibly even by Diophantus.

Theorem
Any integer can bewritten as a sum of four squaes.

We will not provethisin theway it was origindly donebutingead use:

Definitions
Thequaternions or Hamiltonians H are the set
{a+bi+cj+dk|abcd" R}
which add "like vectors" and multiply usng therules
i2=j2=k?="1 ij=k="ji etc.
Thenorm of an (integer) quaernion is given by
N(a+bi+cj+dk)=a?+b*>+c?+d?" Z

Asin the Gaussian integers we have N(¢;0,) = N(¢;)N(g,) for g;,0, " H.

Writing an integer n as a sum of four squaes is equivalent to finding an integer
guaernion with n as nom and so we deduce:

Lemma 1 (Euler 1748
If integers m, n are expressible as sums of four squaes, so ismn. []

Remark
Infact (a%+b?+c?+d?)(A2+B2+C2+D?) = X?+Y?+Z%+T?%=
(aA+bB+cC+dD)? + (aB" bA" cD+dC)? + (aC+bD" cA" dB)® +
(aD" bC+cB" dA)? which is what Euler discovered without knowing
anything aboutquaernions

Lemma 1 meanswe need only provetheresult for primes.
Lemma 2

If p isan odd prime then one may write mp as a sum of four squaes for
some0<m<p.
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Pr oof

Pr oof

In fact we will provetha mp= x? + y? + 1 (a sum of three squaes).
Take = (p" ). Lookat {x*|x=0,1,2,...¢} " Z,,

This is a set of q + 1 distinct elements (distinct since if x,° = x,° then
X1 =X, Or X = p" X, andonly oneof theseisin the"lower half" of 0, 1,
2,..pbl)

Similarly {" 1" y*1y=0,1,2,....q} # Z , isaset of q + 1 distinct
elements. Hence these sets overlap and we have x* =-1-y® in Z, or
x* +y? +1isdivisible by p and so mp=x? + y* + 1 for some m.

Also x" q<%pand y" q<%p and so x2+y2+1<%p2+%p2+1< p?
andsom<p. []

of the four squarestheorem

We use the method of descent first introduced by Fermat to prove the
theorem for an odd prime p.

We have shown that mp is a sum of four squaes and we'll show tha we
can find a smaller multiple rp which is a sum of four squaes.

We start with mp=a? +b? +c® + d?. Reduce a, b, ¢, d mod m to get A,
B, C, D and then we g& mr= A%+ B?+C? +D? for some r. We claim
tha r < m. Asabove we can choose either A or PA so tha we choos the
one in the "lower hdf' of Z., so tha A?" %mz etc. So
A®+B°+C?+D*" m".

The only time we get equdity isif A=B=C=D :%m in which case m
is even and a2 :%mz(modmz) and so

a® +b? +c? +d? = m?(modm?) =0 (modm?).

But then mp=0 (modm?)" p=0 (modm) which is impossible since
O<m<pandpisprime.

Multiply together the expressionsfor mp and mr as sums of four squares
to get m?pr =(a® +b? + ¢ + d?)(A? + B + C? + D?) and use Lemma 1
to write this as m?pr=X?+Y?+2Z?+T? and it is easy to check tha
X =aA+bB+cC+dD=a?+b? +c? +d?(modm) =0 (modm) and tha
the other terms are also 0 (mod m).

So we may divide the expression m?pr=X2+Y?+Z2+T2 by m? and
we have written pr as asum of four squaeswithr <m.

Since we cannot keep redudng r, we are led to the conduson tha the
result holdswithr = 1. [l
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Remarks

1)

2)

In fact one only needs four squaes for integers of the form 4™(8k + 7)
and three are enoughfor all the others.

One can generdise this result to higha powers. For example, every
integer can bewritten as a sum of 9 cubes and of 19 fourth powers.
Edward Waring (1736 D 1798)asserted tha for any nunber k there is an
integer g(k) such tha every number can be written as a sum of g(k) kth
powers. This was proved by David Hilbert (186251943)in 1909.

30



a3

a3.1

MODULAR ARITHMETIC

Some group theory

In 1801 in Disquisitiones Arithmeticae Gauss invented modular arithmetic Z

of residue classes modulo n under addition and multiplication modulo n and
answvered some of themod important questionsin it.

In fact elementary group theory alows usto get some of the results more easily.
Here are some results from that theory

1)

2)

3)

4)

5)

6)

b)

7)

A group (written multiplicatively) is cyclic if it condsts of the powers of

some element: a gener ator.
We denote thecyclic groupof order nby C,,.

Thegroup(Z,,, +) isacyclic groupwith 1 as a generator.
Any subgmoup of acyclic groupis cyclic.

Theorder of an element of a groupis the smallest power of tha element
which is equd to theidentity.

(Lagrangés theorem) The order of any element of a finite group divides
the order of the group.

If m, nare copimethen C,," C,,#C,

Any finite abdian group A can be written as a direct produd
A" C, #C,, #..#C, of cyclic groupsin two ways:

each @ isapower of aprime,
a|ay|...|ay.

If a finite cyclic group of order n has a generator g then g is also a
generator for any k coprime to n.
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a32 Primitiveroots

Definitions
For any integer n theinvertible elements of Z , are called units..
Anelementkin Z,, isinvertibleif k, n are coprime.
Theunitsform asubgoup U, " Z, of order "(n).

eg. [Ug=4andUg" C,#C,, |Ug|=6andUq" Cg,

If thegroup U, is cyclic then agenerator of U , is called a primitive root
forn.

e.g. Snce Ugisnotcyclic, 8 does nothave aprimitive root
Ug" {1,2,4,5, 7,8} and2isaprimitiveroot for 9. Sois7 = £2.

Gauss proved the mog important result about primitive roots.

Theorem (Gauss 1801)
Primitive roots exist only forn= 2, 4, p" or2 p" with p an odd prime.

Proof of Gauss's theorem
1) U,=C;andU," C, soboththese arecyclic.

If n=2" withk" 2then U, has Ug = C, xC, asasubgoupand so is not
cyclic by (2) of thelast section.

2) I nis divisble by two odd primes p, q then U, has U," U, as a
subgoup and since both U, and U, have even order this contains
C, " C, asasubgmoupand cannotbecyclic. Similarly, if nis divisible by
4 and by an odd prime then U , cannotbe cyclic.

3) Letpbeanoddprime. Then p has aprimitive root

Proof
Thering Z , is afield and in any field a polynomial P of degree d can
have at mog d zerossince if a is a zero of P we may write P = (x Ba)Q

with Q apolynomial of degreed B1.
Now if U, is not cyclic we may write it as a direct produd

Cq "Gy, " " Cy with 3y |a; |...[ 3. But then all the elements would

ay —

satisfy theequaion x™ =1 and this would give too many solutions [

4) Letpbean oddprime. Then p" has a primitive root
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Pr oof

5)

Pr oof

The ring homomorphism Z ok Z, given by xa x(modp) is an onto

map and so maps some element to the primitive root r for p. So a suitable
power of this elementy (say) has order p B1.

The edement z=1+p" Z o? satisfies zP =1 (by expanding by the
binomal theorem and udng the fact tha the binoma coeficient
"n%

%ZI&: 0 (modp) for k > 0). Hence this element has order p.

A similar proof showsthat z=1+p" Z  has order p“'L. (Thistime one

needsto check that p* 2 #1)
Then the produd of the elements y and z has order “(p¥) = p**(p#1).
Hence thisis aprimitive root. []

Let p bean oddprime. Then 2p* has a primitive root
Since the rings Z," Zpk and ZZpk are isomorphic and U, " C,, it

follows tha U ok and U2pk are isomorphic groups and hence are both
cyclic. []

Remarks

1)

2)

3)

Thereis no "good"way of finding a primitive root for a given prime. The
table bdow gives some examples,

Root | Primes < 200with this as smallest primitive root
2 (3,5/11,13,19,29,37, 53,59 61,67, 83,101,

107,131,139,149,163,173,179,181,197

7,17,31,43,79,89,113,127,137,199

23,47,73,97,103,157,167,193

41,109,151

71

19 |191

N (o oW

If r isaprimitive root for n then (7) in the last section shows how to find
“("(n)) of them.

Althoughit is not obviousfrom the proof above if r is a primitive root
for p then either r orr + pisaprimitive root for each p" withk" 2.
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4)

5)

If r is a primitive root for an odd prime p then for any integer 0<n<p
we have n= pk for some k. However, finding this k is a computationdly
difficult process known as the modular logarithm problem. This can be
used as the basis of an encryption method similar to the RSA system
outlined earlier.

Alterndive proofs of the existence of primitive roots are in [2] pg 127D
129and[3] pg23D25.
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033 Quadratic residues

We now condder which elements of thering Z ,, have square roots.

Definitions (dueto Euler)
If an element sin Z, is the squae of some element (i.e. has a squae
roof) it is called a quadratic residue. The other elements are quadratic
non-residues.

In generd, the paternis hard to spot
For example, in Z,, 1 and 4 have 4 squae roots; 0 and 9 have two squae roots

and the other elements have none
In Z,5 0, 1,4 and 9 have 4 squae roots and the other elements have none
In Z4 0 has 3 squaeroots; 1, 4, 7 have two and the other elements have none

For primes thingsare easier.

Theorem
If p is an odd prime then half the elements of Z ;" {0} are quadratic

residues.

Proof

The multiplicative group Z , " {0} is cyclic with generator a primitive root r
(say). Then the quadratic residues are even powers of r and the nonresidues are
the odd powers. []

Remark
If pisan oddprime then every qualratic residuehas two square roofs ().

Corollary 1
The produd of two quadratic residues or of two quadratic nonresiduesis
a quadratic residue The product of a residue and a nonresidueis a non
residue

Proof
Look at the powers of a primitive root []

Example
In Z,; 3isaprimitive root. The powers of 3 are (with residues in bold):

3,9, br,04,5, £, 86, b1, 8,89, 7,4, £6, 2, 6, 1
and you may verify theabovecorollary.
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Corollary 2 (Euler's criterion)
Let pbean oddprimeand ¢ :%(p" 1). Then a" Z ,#{0} isaquadratic
residueif andonly if a% =1 (and anonresidueif a%="1).

Proof
If a is an even power of the generator r then a9 =(r2*)9=(r*)%9 =1
since 2q is the order of the group. []

Application
When does the equaion x? +1=0 have a solution modulo an odd prime?
Tha is, when is Bl aquadratic residue?
Answer: " ("1)%=1(modp)# qiseven" pisoftheform 4k + 1.

Remark
Euler proved this result before the idea of a primitive root was
introduced.

Legendre (1752D1833)introducd a notation to hep with calculation:

Definition
Let p bean odd prime and a" Z,#{0}. Then the L egendre symbol
"0

f; Isdefined to be+1 if aisaqualratic residue modulo pand Bl if ais
P

anonresidue (Call it 0if a= 0 (mod p)).

Remarks

1)  Wecan now interpret the abovecorollaries as:
n a%b% n abg

D Bodoe Bps

b) If g=2(p" 1) then E'/Oz a9 mod p. In paticular ? 1&= (" 19
; Fne | &

"a%
2) Ifrisaprmitiverootand a=r*fora" Z , #{0} then i%;&: (( 1)".

Here is adifferent way of deciding if somethingis a quadratic residue
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Theorem (Gauss's Lemma)
Let p bean odd primeand q :%(p" 1). Condder the numbers a, 2a, 3a,

..., qa(mod p). Let k be the number of these which are > q. Thenaisa
guadratic residueif kis even.

Example
Takep=17,q=8,a=7
Wege: 7,14,4,11,1,8,15,5andso k=3 and 7 isanonresidue

Proof
Note that theabovelistis 7, £8, 4, £6, 1, 8, £, 5 and tha the numbers 1,
2, ..., goccur once with either +.

This always hgppens since the numbers a, 2a, ... , ga mug be distinct
mod p (since aisinvetiblein Z ;) and if we take these numbersto lie in

the range [Bg, q and we were to have (say) ar,="ar, then
a(rp+r,)=0" r;+r, =0(modp) which can't hgopen since r; is in the
range[1, q].

Multiplying a” 2a" ..." qa=+1" £2" ..." £q with the appropriate choice
of signson the right and this is (“1)*¢! Thus «? = (" 1)* and the result
follows from Euler's criterion. []

Application
For which primes p is 2 aqualratic ressduemodulo p ?
Take q:%(p" 1) andwege alist: 2,4,...,2g=pbL
Put p =8k + r and look at the different values of r.
Answer: 2 isaresidueif r = 1 or 7 and anon-residueif r =3 or 5.

Remark

%0 102
One may phrase this as igp&z (( 1)8(IO ™
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a34 TheLaw of Quadratic Reciprodty

This is a result which was conjectured (independently) by Euler, Legendre and
Gauss and eventudly proved by Gauss (the first of seven proofsin 1796, at the
age of 19) "after great effort".

It connects the condition for a prime p; being a quadratic residue modulo a
prime p, interms of p, beingaquadratic residuemodulo p;.
We can state it most conveniently usng Legendre symbols.

Theorem (The Law of Quadratic Reciprodity)
Let p, and p2 bedistinci oddprimes. Put g; :%(pi -1).

pl pz. — oYl
Then 1),
g 0.8 =((D
This can be phrased as:
The quadratic character of p; (modp,) and p, (modp,) are "the

same" unless both are 3 (mod 4) in which case they are opposte.

Proof
The following is a variation of a proof found by Gauss in 1808 and
modified by Eisengein (1823D1852.

We use the Gauss lemmacto calculate ipl' :
Write py,2py,...,0, P, and subtract a suitable multiple of p, so tha each
isintherange (" g,,0,].

Then the number of minuses we get is the number of pars xp, " yp,

which liein (" g,,0) for x lyingin therange (0,q,] (X, yintegers)

O <xp yp, #oy<x L+ cycq, Pt 2 (p1+1) and this
P2 P2 P2 P2

|s<§plsmcey|san|nteger. ThusO<y<§p1.

So the number | of (X, y)s to countare the number of lattice pointsin the
rectangle O0<x<Z ! 5 P2 " O<y< L > Py which satisfy "q, <xp," yp, <O.

pz.

Then ipl' =((1'. Similarly i =((D™ where m is the number of

|attice points in the rectangle satlsfylng "o <xp," yp <0
We are trying to show tha ("2)%% =("1)*™ or equivalently that
q19> " (I +m) iseven.
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This number is the nunmber of lattice points in the uppe and lower
triangles of the diagram be ow.

px-qy=-,q

(ST

e
The map x":%(p2+1)#x, y":%(p1+1)#x gives a 1-1 correspondence

between the top triangle and the bottom one and so the total number of lattice
pointsis even as required.

Applications
To calculate Legendre symbols:

(y n (y (y n (V (y n (y (y
L5 05 /0 o/, él 2 2% =1s015isaqgrmod71

D S Bigne Fadse

(infact 945= %21 mod 71)

"5G6% * "14% "2 %7 Y% x+  "97% ' (1%***
2
) 2977& %7&% 78 if&

*: since we can always take out squared factors

(1

ince97=8k+1 ' #'1&(1)“
**8ince 97 = . since op—( = ("
£p!
3) Whenis3aquadratic ressiduemodp ?
"%Hof 1 mod4 d"30/0 nof 3 mod4.
D = | mo
gp if p=1mo ani (?8 p=
Theonly quadratic residuemod 3is1 so
" 3%
E;;: if p=1(mod4)and1(mod3) " p=1(mod12)
Y

or ifp=3(mod4)and2(mod3) " p=11(mod12)
l.e. p=x1(mod12)
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835 Sguareroots modulo non-primes

As seen earlier, working modulo non-primes, a numbe may have more than
two squae roots.

Theorem
Let a" Z,, with n=p,%p,* ... p,* aprodud of distinct prime powers.
Then a has a squae root if and only if a has a squae root moduo each
P
If ahas m roots modulo p, % then it has mm, ... m, roots modulo n.

Proof
Use the Chinese remainde theorem to reduce the problem to onemodulo
each p¥. O
Example

Letn=30=2! 3! 5,

Then 15 has onesquae root ( = 1) mod 2 and oneroot ( = 0) mod 3 and
mod 5. Hence it has oneroot ( = 15) mod 30

By contrast 19 has one squae root ( = 1) mod 2 and two roots ( = 1)
mod 3 and two roots ( = £2) mod 5. Hence it has four roots ( = 7, £13)
mod 30.

The problem of determining if a has aroot modulo an odd prime power is made
easier by:

Theorem
Let p be an odd prime. The element a (! 0 mod p) has a squae root
modulo p" if andonly if it has asquae root modulo p.

Proof

If x2=a (modp®) then clearly x> =a (modp).

For the converse, if a has a root mod p put y? =a (modp) and then put
x = y+bp and solve x? = a (modp?). Thisis

(y+bp)? = y? + 2bpy+b?p? =a or 2bpy=a" y* (modp?) and we can
solve this for bp since 2y and p are copnme.

Similarly we may start with arootmoduo p? find aroot modulo p? etc.

[
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Remark
The number of squae roots modulo a prime power is not obvious For
example modulo 27 the element 9 has six squae roots (£3, +6, £12).

There is a generdisation of the Legendre symbol which is hdpful in
calculation.

Definition
Let a, n be coprime where n= p;p, ... p; isaprodud of (not necessarily
distinct) odd primes.
"a% " %a % " a 0

Then the Jacobi symbol is ? _ip ép o ip 8
| &P k

Remarks
1) If nisan oddprime this coincdes with the Legendre symboal.

%
2) |f f =1 then it does nat necessarily follow that a has a squae root

2 % " 2%2%
modulo n. For example %—&0 f 2 0—(1) (1=1 but 2 has no square

n 0
root mod 15. However if % = (1 then a has no square root.

Thefollowing may be deduced from the results for Legendre symbols.

Properties

n ab% 1]
1) Ifa, barecopnmetotheoddnthenif ir

" % n (ya

2) Ifaisarecoprimetotheoddm, nthen e

4)  (Quadratic reciprodity)

: Yon % Lom(1)(n
If m, n are coprnme then $ n&O: (( 1)4( (D)
n&m



Example

1)

2)

1119 "119% _"20%
%&0 1175 %&0—((1) =(1 andso 11 hasnosguaerootmod 27

The Jacobi symbol may be used to calculate Legendre symbols
» 33500 29990 "(16% . ( 1% 117 _
D—'=1
990e \¥3558 \Fassa \Hassg LD
Hence (since 2999is a prime) this Legendre symbolis+1 and so 335isa
qualratic residue(+/335=+1001(mod2999)

Remark

Although the above methods do not construct squae roots there are
computationdly efficient ways to do so.
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a4  CONTINUED FRACTIONS
a4l Introduction

Definition
You can think of calculating the decimal expanson of a (postive) real
number as theresult of implementing the algonthm:

(*) Make a note of the integer part of the nunmber. Subtract this from the
number. This gives anunber x in therange[0,1). If x! O then:

**  Multiply x by 10 **
This (perhgos) givesanunbe " 1. Now repeat theloopfrom (*).

We can replace the step at ** ... ** by anything else tha makes x
bigge.
In paticular, if we putin:

** Take thereciprocal ! of x **
X

then we get the Continued fraction expansion of x.

Example
| 424 424_qq0 1
For example, if you start with 37 then you get 37 2+i1
T
o 424 1 111
whichiswritten - =11+ ———— oras[11;2,5, 1, 2].

37 2+5+1+2
If you have a calculator with a 1/x key, you can experiment with this.

One can see tha this is related to the calculation of the hcf of two numbers by
the Eudidean algorithm.

424 = 37 ' 11 +17
37 = 17! 2 +3
17 = 3 ' 5 +2
3 = 211+1
2 = 21 1+0

Onecan rewrite this as:
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424 17 1 1 1 1

?:11+3—7:11+§:11+ 3 :11+—1:11+—1
— 2+ — 2+ﬁ 2+72
17 17 17 £, 2
3
:11+;:11+ 1
1 1

2+ 2+ —

5+ 5+ L

3 1

il 1+=

2 2

In general given " # R start with ay =["] (integer part) and then if a;" #

write " =ay, +% and a; =[";] thenif a; " # wetake "; =g +% etc.
1 2
Definition
Theintegers a; are called the partial quotients. Thereal numbers “; are
called the complete quotients.

The argument with the Eudidean algorithm above shows tha every rational
nunber has a continued fraction expanson [ay; a4, a,,..., a,] Which terminates

after a finite number of steps The expangon is unique except that if the last
patial quotent a, = 1 then we may combineit with the previousone

In exactly the same way, we may define the continued expanson of an
irrational number and in this case we get an expanson with an infinite number
of terms.

Examples
If we apply the aboveprocess to some well-known irrationds we get:

" :\/_57#1 =1.618034..=[1; 1,1,1,1, ...]

0R = 1.414214...= [1; 2,2,2,2, ...]
#=3.141593..=[3; 7,15,1,292,1,1, 1,2, ... ]

e=2718282..=12; 1,2,1,1,4,1,1,6,1,1,8,1,1,10,1,1, ...]

Euler discovered this last result and also:

e’"1
>— =0.761594...=[0; 1,3,5,7,9,11,...]
e”+1
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Jud as onecan approximate a real number by truncating its decimal expanson,
one can approximate a number given by a continual fraction by truncating its
continual fraction expanson.

Definition
If a (postive) real numbe % has a continued fraction expanson
[ag; &,4a,,8s,...] then the rationd numbers

C, =&=[ao; ay,a,,...,a,] forn" O are called the conver gents of %
n

We can calculate the convagents recursively.

Theorem

Theconveagents C, =Pn [ag; &,a,,8s,...] satisfy

n
Po =38, 0o =1 p; =apay +1 ¢4 =g andthen
pl"l = an pn—l + pn—21 qn = anqn_l +qn_2 fOI’ n " 2

Pr oof

Itis easy to check that C,, = Pn isasclaimed forn= 0, 1.

On
Then by indudion assume therecurrence holdsfor k.

Then C,,; =[ag; &, 8,,..., 8, &1 =[8g; a1, 89,..., 8 +1/a,44]

_ (@ tVa)Pest Peo _ B8P+ Preo) * Pres _ 8kar P+ Pres
(A * U@ )0es t 02 Ar(@Oks Ok 2) T O Ok +0ken

which iswha therecurrence relation giveswithn =k + 1. []
Remark

Note tha the numerators and denominators both satisfy the same
recurrence relation, similar to tha defining the Fibonacci numbers.
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Examples

1)  Theconveagents of thecontinued fraction: [1; 1,1,1,1,...] are
1 2 2+1 3 3+2_5 5+3_8 8+5 13 :
IS B amria i el =—, =—, ... It is well-known
11 1+1 2 2+1 3 3+2 5 5+3 8
. o . . _5+1
tha theratios of successive Fibonacci number's conveageto S
2)  Theconveagents of thecontinue fraction [3; 7,15,1,292,1,1,1,2, ... ]
3 22 15x22+11 333 333+22 355
caculated for ! are —, —, = : = .
1 7 15x7+1 106 106+7 113
which have decimal approximations 3, 3.142857.. , 3.141509.. ,
3.141592.., ...
3) The conveagents of our first (rationd) example [11; 2, 5, 1, 2] are
11 23 5"23+11_126 126+23_149 2"149+126_ 424 which
1° 2" 5"2+1 11 11+2 13" 2"13+11 37
finishes with the number we started with.
Remarks
1) We will see later tha the sequence of convegents of the continued
fraction of anirrationd %doesindesd convageto %
2)  Thenumbers p,, and q,, who< ratios are the convergents are coprime.
3)  Thenunbers g, increase as n increases.
4)  Wha we are conddering are sometimes called simple continued fractions
to distinguish them from the more general a, + 4 % 8
b, +b, + by +
5) MAPLE has a command: convert(expr , confrac) which produces

continued fractions Use the Help to find out how to get the convagents.
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a4d2 Approximating real numberswith rationals.

The easiest way of approximating a real number %by a rationd ap Is to divide

up thereal lineinto segments of length 1 and take the nearest multiple of thisto
q

96 One can then be sure tha

wrls
q| 2q

. 3142 1
For example onema roximate # by —— to better that ——.
P Y &P y 1000 2000

Dirichlet proved onecould do better than this.

Theorem
Given any real number %and integer Q one can find a rationd ap with
g < Q suchtha wy P ‘$i2
al q
Proof

We use the "pigeon-hole prindple": With n pigeonhoks and n+1
pigeons at least onehole contains more than onepigeon.

Condde theQ + 1 pointsin theinterval [0, 1] given by: 0,{ %, {2%, ...
{(QDP1) %, 1 where{ } meansthefractiond part.

Divide up the unit interval into Q intervals of length é and we deduce

tha two of these mud lie in the same sub-interval.

Thais [{g;"} #{q,"} |<%. Hence for some integers p, g we mus have

<<l 0

n #E 2
aQ ¢

1
|gA - p|<= andso
Q q

Remark
Thisis only an existence theorem. To find such an approximation we will
use continud fractions

We start by dedudng a corollary of thetheorem of thelast section.
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Corollary

Theconveagents C, satisfy C,.." C, = Y .
dn"19n
Proof
Using the above recurrence relations for p,, and g, and indudion we
May Prove Po-yfy " Pales = (1) .Then divideby g,114,,. O

Fromthed€finition above " =[ag; a4,ay,...,am4, o] With 0<a, " #, andso
O<%#i and %dies between C,., and C,..
n an

Thus %is closer than iz to C,, asclaimed earlier.

On

Remarks

1) Note tha from the abovecorollary, the convergents are alternately larger
(Coqq) andsmaller (C ;) than %.

2)  In fact one may show tha the sequence (C,4y is monatonic decreasing
and the sequence (C,,,) IS monobnic increasing. (Both of course
convage to %) Thus the sequence of convergents alternaely
undeestimate and overestimate thefind limit.

3) Infact onemay show tha the convegent C, =Pn approximates %detter
q

n
than any rationd number with a denominator smaller than q,, and so the

approximations arising from continued fractions are in a sense best
possible.
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v43 Continued fractions of square roots

It turns out tha the square root of any integer has a periodic continued fraction
(cf example 2 of ©401).

Another example

Start with %.
"0:":ﬁ a0=["0]=2
1 N7 +2
no_ — a =[".1=1
1 \/7#2 3 1 [ 1]
= 3 :3(ﬁ+1):ﬁ+1 a :[" ]:1
27 741 6 2 e b2
"o 2 :2(\/7"'1):\/74-1 az=["3]=1
3T T #1 6 3 303
3 _307+2) N
L = =+/7+2 a,=["4]=4
4 \/7#2 3 4 [ 4]
1 .
"e =——— =", and the process then repeats itself.
5 \/7#2 1 P €p

In general the continued fraction of a square roct of an integer is of the form
[ag; 8y, 8,.... 8, 8,8y, ..., ,...] whichwewrite as [a,; a&,.... 8 |-

Remarks
1) Theperiodic part of the continued fraction of %N starts at a;.
2) The peiodic pat has a very specific symmetrical form. In fact
ay, ay, ..., a, dwayshastheform a;, a,,..., a,, &, 2a,.
eg.V19-[4;, 213128  +103=[10, 6121191121620
3) As above each A, reduces to IN +1y and in fact the numbers r,,, s,
Sn
: _ " _N"r?
satisfy r, =a1 " rypand s, = :
Shr1
4) More genedly any quadmtic irrational of the form Vatb with a, b

c
and c integers and a not a squae, has a periodic continued fraction (not

necessarily starting at the beginning) and conversely.
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Examples

1) Weshowed earlier tha the continued fraction of =£Tﬂ iIs[L 11,...].
2) %= [3; 3,3,3,3,...]
Then ”:3+—l :3+£andso"2#3"#1:Omdw"=3+m.
1 ’ 2
3+
3+...
3) %= 0; 3,2,3,2,..]
Then " = 1 = 2+ and so 3"2+6"#2=0mdw"=ﬁ#3.
3+ 1 7+3" 3
2+ "
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a4 4 Pell's equation
Thisistheequaion x? - dy? =1 over theintegers (d not a perfect square).

It was called Pell's equaion by Euler as a result of a misundestanding of work
by Wallis and Broundker. In fact it had been studied earlier by Fermat and much
earlier by the Indian mathematicians Brahmagupt and Bhaskara. One can
indeed trace it back to work by Archimedes on approximating squae roots.

Examples
d=2 Solutionsare (1, 0), (3, 2), (17,12), (99,70), ...
d=5 Solutionsare (1, 0), (9, 4), (161,72), (2889,1292) ...

Brahmagupt (628 AD) looked at d = 83
Solutionsare (1, 0), (82,9), (13447,1476) (2205235, 242055) ...

Remarks

1)  Recal (2.2)tha if d>0thenormof x+ y+/d in Z[/d]is x*" dy* and
the nom satisfies N(uv) = N(u) N(v). So if (X, y) is a solution of Pell's
equaion then x+ y+/d has nom 1 and so do all its powers. This allows
usto generate an infinite number of solutionsfrom a"fundanental” one
For example, if d = 5 the smallest non-rivial solution gives us 9+ 4+/5
whoe squae is 161+ 72¢/5 giving the next solution. Its cube is
2889+1292/5 and so on.

2) It follows from the above tha if (x,y,) are the solutions of Pell's
equaion then the x satisfy a recurrence relation of the form
X =rXjq " X0 Where r =2x;. The y; satisfy asimilar one

We can find the fundamental solution to the equaion usng the continued
fraction expanson of %al.

Theorem
If the continued fraction expanson of % is [ao; al,...,ak] then the

convagent P - C,~ correspondng to the penultimate term of thefirst

Ok 1
periodic block gives the fundamental solution (p,-1, Q1) Of theequaion
x2 " dy? = (" )~

So if k is even this is a solution of Pell's equation. If k is odd then we
need to goto thelast but oneconveagent of the next block.
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In both cases all the penultimate convagents of therest of the blocks give
solutionsof x*" dy* =+1. O

Example
Letd=7
Fromabovewehave % =[2; 1,1,1,4,1,1,1,4,..] sok=4and (after a
little calculation) theconvegentsare: C,, Cy,... =
2355+3 84"8+5 37 37+8 45 45+37 82 82+45 127

1'1'2'2+1 3'4"3+2 14'14+3 17'17+14 31'31+17 48"
and the solutionsof x*" 7y* =1 come from the 3rd, 7th, ... conveagents
and are: (8, 3), (127,48), ...

Note that (8+ 3\/7)2 =127+ 487 asin Remark 1) above

Letd=10

Then%d0=[3; 6, 6,6, ...] sok=1andtheconvegents are

319 6"19+3 117 6"117+19 721

1’6 6"6+1 37  6"37+6 228"

The Oth convergent gives a solution of x> " 10y* =" 1 and we need the
next (19, 6) to get a solution of Pell's equaion.

(117,37) satisfies x2 " 10y® =" 1 while (721, 228)is a solution of Pell's

equdion.
2
Note that (19+ &/E) =721+ 22810

Brahmagup@'s example: d = 83

Then9%83=[9; 9,18,9, 18,...] so k=2 and theconvagents are
9 82 18x82+9 1485 9x1485+82 13447

1’9’ 18x9+1 163’ 9x163+9 1476

giving the solutionsmentioned above

2
Note that (82+ 9@) =13447+1476J83 asusud.

Remark
Y ou can find a proof of this last theorem in [2] pg 108andin [3] pg 75.
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a5 DIOPHANTINE EQUATIONS
o5.1 Linear equations

A Diophantne equaton is one with integer solutions It is named after
Diophantus of Alexandria (see the exercise bdow).

We start with linear equaions
Theorem

A Diophantine equation ax+ by=c (to be solved for x, y) has a solution
if andonly if d = hcf(a, b) divides c.

Proof
Since d divides a and b it divides ax+by=c and so the condtion is
necessary.
Conveasely, if c= md then use the Eudidean algorithmto write
d = pa+qgbandthen x= mp,y = mgisasolution. []
Remarks

1) Since the p, g in the above proof are not uniqudy determined, if the
equaion has asolutionit will have infinitely many.

2) A similar result holdsfor equaionsin more than two variables.

3) Diophantus would only have been interested in postive solutions Then
the problem is much harder.
For example, JJ Sylvester (1814D1897) sent the following puzle to the
Educational Times.

| hawe a large numbe of stamps to the value of 5d and 17d only.

What is the largest denomination which | cannotmake up with a
combination of these two different values?
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a52 Higher order equations

Here the problem is much harder. Finding the integer solutions of a general
polynomal equaion or even deciding whether such a solution exists is in
genera very difficult.

One may sometimes prove results about nonexistence usng moduar
arithmetic.

Example
A numerical search for solutionsof 2x2 + 3y? = z? suggests that there is

no nonzero solution. Working modulo 3 should convince you of this
fact!

One quadratic case has attracted more attention than others - even going back to
the Andent Egyptians and Babylonians.

Definition
A Pythagorean triple (x, y, 2) satisfies x* +y* = z°.

We can characterise all such solutions

Theorem
If (X, y, Z) are coprime integers satisfying x° + y® = z* with (say) y even,
then x=a2" b?, y=2ab, z=a?+b? for someintegers a, b.

Proof
Note tha (a®" b%)?+4a’b®=(a®+b%)? and so we get a solution
starting with any a, b.
To see tha such a, b exist, write the equaion in the form
y>=7z%" x% =(z+X)(z" X). Since x, z are coprime it follows tha tha
hcf(z+ x, z" x) =2 and the other prime factors of x Bz and x + z mugs
besquaed. Hence x" z=2a®, x+z=2b? asrequired. O
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53 Fermat'sLag Theorem

Fermat (1636) wrote in his copy of Diophantuss Arithmetica (in the section
dealing with Pythagorean triples):
It is impossible to separate a cube into two cubes, a biquadrate into
two biquadrates or in general any power beyond the second into two
powers of the same degree. | hawe discovered a truly remarkable
proof of this which this margin is too small to contain.

Thatis: x" +y" =2z" withn> 2 hasno solution in integers.

Fermat gave the proof for n = 4; Euler proved (thoughincompletely) the case
n =3 (in 1770) Dirichlet and Legendre did n = 5 in 1820and LamZ proved it
forn=71in1839.

Gauss gave aproof forn = 3which used Z[" ]:
If x> +y® =2 factorise the LHS: (x+ y)(x+ " y)(x+
uniquefactorisation propaty in Z[" ] to provetheresult.

" 2y) =72 and use the

LamZ (in 1847) thoughthe had a proof using Z[","?,...," P! with / a pth root

of 1 but unfortunaely the proof required this ring to have the unique
factorisation propety (which it doesn'tif p" 23).

Fermat's Last Theorem was findly proved by Andrew Wiles in 1994 usng
methodswhich would certainly not have been available to Fermat.

Here is Fermat's proof for the case n = 4. It uses the "Method of descent”. In
fact it proves aslightly stronge result.

Theorem
Thereis no postive integer solutionto theequaion x* + y* = z2.

Proof
If we are given a smallest such solution, then (x?, y?, Z) is a Pythagorean
triple with (say) y even and so x* =a®" b?, y* =2ah, z=a” +b?.
Now b mug be even since if a were even and b odd then we would have
x* =" 1(mod4) which isimpossible.
Then (x,b, @) is aPythagorean triple and we have
x=c?" d?, b=2cd, a=c?+d?. Then y? = 4cd(c? + d?)
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Since  ¢%,d?* c*+d® ae pdrwise copime we have
c=e?, d=1f2, c?+d? =g’ forintegerse, f, g.
Thus e*+ f*=g? and g" g =a" a® <z and we ge a contradiction to the
assumption tha we had started with the smallest solution. []
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a6 QUADRATIC FORMS

The problem of writing an integer as a sum of squaes n = x° + y* dates back to
(and was solved by) Fermat. Later mathematicians (Euler, Lagrange Gauss,
etc.) investigaed (for example) which integers could be written as (say)
n=x?+2y? or n=x? + 3y? etc.

Definitions
A (binary) quadratic form is a (homogeneous polynomial
f(x,y) = ax® + bxy+ cy? denoted (a, b, c).

Thediscriminant of such aformistheinteger d = b%" 4ac.

A nunmber nissaid to berepresented by aform f if we can find x, y such
tha n= f(x,y).

Remark
This is the notation used by Lagrange, Kronecker, Dedekind and
Davenpott. Legendre, Gauss and Dirichlet used the notation

a b)x
ax? + 2bxy+ cy? =(x y)(b c)(y) with the discriminant b " ac which

iIsBl! (thedeterminant of the matrix).

Two quaratic forms are "equivalent' if they can represent the same set of
integers.

Example
If n=x%+y? then put x"=x+y, y'=y # x=x"$)" y=)" and then
n=(xX"#y)* +y? =x? #2xy'+2y? and so the binary forms (1, 0, 1)
and (1, -2, 2) are equivalent.

More formally, we have

Definition
Two forms are said to be (unimodularly) equivalent if they differ by a
unimoduar trangormation.
x=pxX"+qy, y=rx"+sy"withpsbqr=1
" 0
Tha isif we have amatrix P :%IO 2(; with unit determinant such that

57



Hoo 1.& # 1. &
a' -b :Pt%a ZbEP-

%2 =P
gb" c" §;b C

Remarks
1)  Two such forms will represent the same set of integers.

2)  Since the matrix P is invertible (over the integers) this is a symmetric
relation. Itisin fact an equivalence relation.

3)  Since determinants are multiplicative, it follows tha the discriminants of
equivalent forms are equd. The convease is not true. For example, the
forms x? + 3y? and 2x°> +2xy+2y? both have discriminant 12 but are
not equivalent.

Definitions
A formiscaled definite if itsdiscriminant d < O.
(Pogtive definiteif in addition a > O; negative definite if a < 0)

A formiscaled reduced if eithee Ba<b$a<corO$b$a=c

Theorem
Any postive definite form is equivalent to a reduced form.

Proof
If a > c then apply the unimodular transformations x=y, y=-x" to

swapaandc. Thenuse x= X"+ V', y=y" (which replacesb by b £ 2a) to

make |b| < a. []
Remarks
1) Itisnotobvious(but true) that every postive definite form is equivalent
to auniquereduced form.

2)  Thereduced form istheform with the smallest a for an equivalence class
of definite forms.

2)  Thereare afinite number of reduced forms for any given discriminant.
(If f isreduced then " d = 4ac” b >3acandsoa,candb$ ;|d|)
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3)  Thenumber of reduced forms for agiven d is called the class number of
d, written h(d).
Ford=£8,®4, 7,88, 011,B19,43,867,BD163the class number is 1.
Ford =B12,B15, 16, ER4,ER7,ERS, ... theclass nunber is 2.
Ford = £R3,B81, ... theclass number is 3. ...
For many values of d there is no posgtive definite form with this
discriminant.

4)  In 1934it was proved tha there was at most one more discriminant with
class nunber 1 other than tho< listed above; in 1966 it was proved that
this "tenth discriminant" did not exist.

5)  Jacobi conjectured in 183 (and Gauss did also) tha one could calculate
the class number C(d) of a discriminant Bp with p prime in the following
way.

Let A bethe sum of the quadratic residues mod p and let B be the sum of

thenonresidues. Then C(" p) =%(B" A).

This was proved by Dirichlet in 1838 and is known as Dirichlet's class
number formula.

e.g. Work modulo 23.
gr={1,23,4,6,8,9,12,13,16, 18} which sumto A=92
Thegnrsumto B =161D92= 69 and so C(ER3) = 3.

Definition
A nunbe n is said to be properly represented by a binay qualratic
form fif n= f(x,y) with x, y coprime.

Theorem
A nunmbe n can be propaly represented by a binary form with
discriminant d if and only if d has a squae root moduo 4n.

Proof
Suppo® b? =d (mod 4n). Then define c=b?" 4nc andtake a = n, Then
theform f(x,y) = ax’ + bxy+ cy* hasdiscriminantd and f(1,0) =n.

Conveasely, suppo® tha f has discriminant d and f(p,r)=n with
hcf(p,r)=1. Then for some ¢, s we have ps"qr=1 and so f is
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equivalent to a form f" with a"=n. But f, f" have the same
discriminant and so mod n the equaion x? =d hasasolution b'".

Application
Take f(x,y)=x%+y? sotha d = P4 and this is the only reduced form
with this discriminant.
So n can be propely represented as x2+y? if and only if B1 is a
quadratic residuemodulo all the primes dividing n. i.e. if and only if nis
aprodud of primes of theform 2 or 4k + 1.
Thuswe get the result proved by Fermat: n is representable in the form
x* + y? if and only if all the primes of the form 4k + 3 which dividen are
present as even powers.
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