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Mathematical indudion

Thisis amethod of "pulling oneself up by onés boastraps' andis regarded with
suspicion by non-mathematicians.

Example
Suppo® we want to sum an Arithmetic Progression:
1+2+3+..+n=_n(n+1).

Engineers induction

Check it for (say) thefirst few values and then for onelarger valueN if it works
for those it's boundto be OK.

M athematicians are scomful of an argument like this N though notice that if it
fails for some valuethere is no point in going any further.

Doing it more carefully:

We define a sequence of "propostions' P(1), P(2), ...

where P(n) is"1+2+3+...4n=_n(n+1)"

First we'll prove P(1); thisis called "anchoring the induction”.

Then we will provethat if P(k) istrue for some value of k, then sois P(k + 1) ;
thisis called "the inductive step".

Proof of the method

If P(1)is OK, then we can use this to deduae tha P(2) is true and then use this to
show tha P(3) is true and so on. So if #n is thefirst value for which theresult is
false, then P(n D1) istrue and we would get a contradiction. [l

So let'slook hard at the aboveexample.

P(1) is certainly OK: 1:%" 1" 2.

Now suppo® tha P(k) istruefor some value of £.

Then try and prove P(k + 1):

Nowl+2+3+..+k+(k+1)= %k(k+ 1)+ (k+1) (usng P(k), which we
are allowed to assume).

But this simplifiesto (k + 1)( & + 1) =  (k + 1)(k + 2) and thisis exactly what
P(k + 1) says.



Hence theresult istruefor all values. []

Remarks
Of course, proving something by induction assumes tha you know (by
guesswork, numerical calculation, ... ) wha theresult you are trying to proveis.

More examples

1 Summing a Geometric Progression

Let » beafixed real nunber. Then

n n+l

1+r+r2+r3+  +r"==—___ Thisis P(n).

Proof

Clearly P(0) is true (Note tha we can anchor the indudion where we

like.)

So we suppoe tha P(k) istrueand welll try and prove P(k + 1).

So look at (1+r+r2 + 72 +...+rk)+rk+1.

n k+1
By P(k) theterm in bracketsis — . and so we can simplify thisto
w . k+1 n . k+1 k+1 w . k+2 n . k+2
G D Sl 1 whichiswha
1"r 1"r 1"r

P(k + 1) predicts. ]
2. Summing another series

12 +2%+..+n? =%n(n+1)(2n+1)

Proof

P(1) istrue, so we assume tha P(k) holdsand work on P(k + 1).

12422+ +k>+(k+1)? :%k(k+ D2k +1) + (k +1)* usng P(k).

TheRHS simplifiesto

(k + 1)[ék(2k+ )+ k+ 1] = Lk +1)K* + Tk +6) =

< (k+1)(k +2)(2k + 3) which iswhat P(k + 1) saysit should be ]
Remark
For any postive integer s the sum 1°+2°%+...+n® is a polynomial of degree
s+1linn.

Forexample 1’ +27 +...+n’ :%ng +%n7 +%n6 ~"n*+ln%
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The Swiss mathematician Jacob Bernoulli (1654 D 1705) worked out a formula
for all such sums usngwha are now called Bernoulli numbers.

3. A result in Number Theory
For any postive integer n we have n® " n is divisible by 5.
n 112 |3 |a |. |12
n5"n |0 |30]240|1020] |248820
So it looksreasonable!
Proof
P(1) istrue
So suppo® P(k) istrueand we will try and prove P(k + 1).
(k+1)°" (k+1) =k>+5k* +10k®+10k? +5k +1" k" 1=
(k" k) +5(k* +2k> +2k? + k)
Thefirst bracket on the RHS is divisible by 5 by P(k) and the second is
clearly amultiple of 5. Hence we have proved P(k + 1). ]
Remark

Theabovetable suggests that in fact n°" nis aways divisible by 30.
Use the fact tha n° " n=(n" DHn(n+1)(n* + 1) to prove tha it is divisible by 2
and 3 aswell asb.

4.

A result from Geometry
Theinternd angles of an n-sided paygontotal (» D2)! radians
(or 180r B360degrees).

Proof

Theresult for n = 3 (atriangle) is classical.

So P(3) istrue

Now assume P(k) and we'll try and prove P(k + 1).
Congder a(k + 1)-gon:

Join two "next butoné' vertices as shown and we get
ak-gon(with angle sum (£ B2)! and an extra
triangle Bwhich gives an extra! .

So thetotal of all theanglesis (kD2)! +! = -
{(k+1)-2}! whichiswha P(k + 1) saysit should be /




Exercise

The proof isincomplete, because when we join two vertices
we might get a picture:

Do theindudive step in this case.

S. The Towers of Hanoi
This is a "game with three "towers'. On |
the LH tower is apile of n discs. One may
move the discs one at a time D but may
never putalarger disc on top of a smaller
one The object isto trander all the discs |
to oneof the other towers.

Remark
This game was invented by the French mathematician Edouard Lucas (1842 B
1891)who did his mog important work in thetheory of prime nunbers.

Theorem

Thereisasolutionwith 2" " 1 moves.

Proof

We useindudiononn. P(1) is easy!

So to do the indudive step, we suppo® we know how to do it with &
discs.

Now let'stry it with £ + 1 discs.

a) Use the k-disc case and  Top
2¥"1 moves to move the  ¥dises

top & discs to the middle.
b) Use 1 move to move the (h+ st
bottom disc to the RH tower. disc

C) Use another 2% " 1 movesto
shift the & discs onthe middle to the RH tower.

Tha's atotal of 2(2¢" 1) +1=2%"" 1 movesjust as P(k + 1) predicts. []



Remark

By looking more carefully at this proof and noting tha one can only move the
botom disc when all the others are stacked on onetower, one can provetha this
Is the minimum number of moves. By thinking carefully you should see how to
doit in this number of moves.

6. A result about inequalities
For all integers n > 4 we have n! > 2"
Proof
We anchortheindudion at P(4) (since P(3) isfalse!).
So now assume tha P(k) holds k!> 2X and look at P(k + 1).
Since k + 1 > 2 (k+)!=k!"(k+1)>2%" 2=2%1 which is wha we

needed to prove
[]
7. A result from Integral Calculus

#
For any integer n! Owe have $x"e *dx=n!

0
Proof
Let the above statement be P(r) and we start the induction at » = O :
#

" w 1H#
e rdx=["e*| =1=0!
0 0
So assume the above holds for some value of & and then look at

#
$(k+le de.
0

Integrate this by patsto get

J Xt ax= [ x (e )]+ T(k +Dxke ™ dx=
0 0

O+(k+1)fx"e‘xdx:(k+1)k!
0

by theindudive hypohesisandthisis (k + 1) ! as P(k + 1) predicts. ]



The Binomial Theorem
n 0

We define symbals called binomial coefficients: % (sometimes written

"C,or ,C,) by theformula
n % % n/o ||n/0 n %

SR Vi Vs VR e

n+1) (n n "n%
We shdl provethatth@esatisfy( r )z(r)+(r 1) forr>1and§) =1

for any n and so they fit into Pascal's Triangle:

n(2 2 n(r r

r 0 12 34
0o |1

1 [1 1

2 |1 2 1
3 |1 3 3 1
4 |1 4 6 41

Pr oof

Note that we are notusngindudion here.
n 0

Wealwaysha/e% =1since (x+y)" =1x" +.

n+1

Well work on (x+ y)™ = (x+ y)(x+ y)".

#n&nr+1rl n"r_r

)
=(x+y)(x+y)”=(x+y)+...+$ é(x y o+,

n+l

(x+y)

0,
n"r+l,,r

+19
The codficient of x y ontheLHS|S£ ' whlleontheRHS(after

n & #n8
multiplying out the brackets) it is 1%0" 1( + 1%,( and so the result follows.

[l

Now we will use indudiononr to prove
Theorem

ForO" r" nthebinoma codficient
"% nn(H(n( 2)...n(r+1_ nl
& 1.2..r - (n(r)tr!
andis O for other values of r.




Proof
Take P(n) to be the above statement and interpreting 0! as 1 the result
holdsfor k£ = 0.
k+1 k k k! k! :
Then = + | = + and collecting
r r=1 \r) (k-r+D!(r-! (k-r)r!
theterms onthe RHS over thesame denominaor we get

I# r K"r+1 Fook+l & (k+D)! o
04 + (_ 0% which is
$(k"r+1)lrl ot Qi et (e r ey

what P(k + 1) saysit should be [l

Exercises on Mathematical I nduction

1.

Use indudion to show tha the following series sums are valid for al
n! 1.

€) 13+23+33+...+n3=in2(n+1)2

(By coinddence thisis the squae of " )
i=1
1 1 1 n

1
b —+ + ...+ =
(b) 1.2 2.3 nn+1) n+1

(€ 1+3+5+..+(2n"1)=n?

4 _1-(n+D)x" +nx"

A 1+2x+3x%+4x3+ .. +nx"
(d) (1- %)

forrea numbesx # 1.

Proveby indudiontha 13" " 4" isdivisible by 9 for every integer n ! 1.

Proveby indudiontha for every integer n ! 1 and real nunmber x > Bl

A+ x)" " 1+ nx.



4. Proveby indudiontha for every integern ! 1

di’l

xn

(x e?)=2""Y2x +n)e?.

5. Defineasequence x;,x,,K by X, =5, x, =13 and x,,; =5x, " 6x,.4 for
n" 2. Provebyindudionthat

X, =2"+3".

"3 19 el 3 2oné
6. LetA4 bethematrix % 2|8' Provetha A :?$OO o (forn! 1.

7. Provetha U S "

41221 42%2-1 432_1 4n® -1 2n+1°

Seguances

One of the mog important ideas in calculus (and indeed in mathematics) is the
notion of an approximation. 1f we take an approximation (say a,) to some fixed

real number « andthen a better approximation a, and so onwe get asequence
a;,a,,a,...
of better and better approximationswhich "conveagesto o".

Writing this out formally:

Definition
A real sequence is an ordered set (aq,a,,a3,K ) of real numbers. We write this

as (a,) or (rarely) as (a,) . \ -

We say that the sequence (a,) converges to a limit a if al the terms of the
sequence eventudly get closeto c.

Then wewrite (a,)" # or lin;(an) =$.
-

If a sequence does notconveargeto any limit we call it divergent.



Examples

1. Thesequenceg——K % 0.i.e. I'W%ZZO

2.  Thesequencedefined by a; =1and a,,; = ;(a +a£) forn! 1
n

317 577 .
-, — or roximatel 1,15,141667,1414256. ...
(1 e ) (30p ) ( )

conveges to thenumber +/2 " 1.4142136. thoughthis is not obvious

3. Thesequence (0, 1,0, 1, ... ) diverges. It cannotconvegeto areal number
a because then we would have to have o close to both 0 and 1.

4, The sequence (1, 2, 3, 4, ... ) diverges also. Althoughwe write (a,)" #

this does not mean tha the sequence converges since $ is not a real
number.

Remarks

For a sequence to convageto afinite limit o we ingst tha if we are given any
"error" ¢ then all the terms far enoughdown the sequence approximate a with
less tha this error.

Y ou will see more aboutthis definition in later courses.

Example

If we take (say) "=10" then all the terms after the 100Gh in example 1.
approximate 0 by better than this. In example 2. above all terms after the 3rd
approximate %2 by better than this

M ore sequence examples

5. Given area number o with an infinite decimal expanson, define a, to be

the nunber we get by cutting off the expanson after ;i decimal places.
Then thesequence (g, )" #.

eg.(14,141,1.414,14142,1.41421,1.414213,..) " 2

6. The sequence (1, 1, 2, 3, 5, 8, 13, ... ) défined by f;=f,=1 and
fo=fp1+ fyro fOorn > 2iscaled the Fibonacci sequence (after Leonad
"Fibonacci” of Pisa (1175 D 1250) who investigated it in connection with
a problem involving rabbits).

It is adivergent sequence.

10



fn+l

However, the sequence of ratios of successive terms (—) IS

n

12 358132134 55 89 144 ) which is approximately

(1,2,15,1.6667, 1.6, 1.625,1.6153, 1.6190, 1.6176, 1.61&2, 1.6180, ...)
. 1++/5

and this does conveage (in fact to the numbe " = 5 #1.61803..

which the Andent Greeks called the Golden Ratio.)

Here if we take " =10 then al the terms after the 8th are within ¢ of the
limit ¢.

Note tha some of the terms are > ¢ and some are < ¢. The sequence
oscillates aboutits limit.

Defineasequence by a; =1 andthen a,,, =cos@,) .

a) Use your calculator to find out what happensto this sequence.
(Remember to set it to radians.)
In fact this sequence does convage Wha to ?

b)  Lookat thesame sequence butwith sin ingead of cos.

C) The same sequence butwith tan ingead of cos.

The Geometric Progression (1, r,rz, r3, ) convagestoOif || <1land

divergesif | | > 1. (It convagesat » = 1 and diverges at » = B11..)

The Compound Interest formula

If weinvest at (say) 100%per annum interest and start with £1 then at the
end of theyear we have 1 + 1 = 2 pounds

(Compound Interest means tha we would earn 2 poundsin the next year,
and so on. Unde Simple Interest we would get jus 1 poundmore the next
year, and so on.)

Now, if ingead of waiting 12 months to calculate the interest, we
"compounced” the interest after 6 months then we have

1%
§L+ 10_9_ 2.25 poundsat theend of the year.
2& 4
. . ot 1% 64
Compounding three times glves§+§'& :E( 2.37 poundsand so on.

Clearly, the more often you compound the more you earn. Do you become
infinitely rich ?

11



1N

Answer: No, because lim +12 =e* 2718281828
n" #70 N

Remark

If the interest rate is r then compounding infinitely often will produce
N

lim&] + Lz = €' poundsat theend of the year
n" #70 N

Some sequences are always increasing; some are always decreasing N others
"liggle about'. The main result abou sequences (which we dont have time to
prove) is as follows.

Definition

A sequence (a,) is monotonic increasing if a4 " a, foral n

(and monotonic decreasing if a,,, " a, foral n).

M onotonic sequences theorem
A monotonic sequence which is bounded is convergent.
We will see some applicationsof this result later. We could use this to prove

Arithmetic properties of sequences

If sequences (a,)" # and (b,)" # then the following sequences

convage.
(@ +b,)" #+%,(a,"b)# $" % (a," b,)# $" %

0
and (provided tha each b and §# 0) 22— (L

*

Example
Find lim +22.
n" #78n+7
1+2 1 1
We have n+2 _ A and since I|m 2 :I| gZ:O applying the
2n+7 2+7 n n" #%
results abovegives thelimit as 1+0_ E
2+0 2

12



Exer cises on sequences

1.

Congder the sequences with nth term given bedow. Find the limit of each
sequenceasn” # if it exists.

7" 4n? 4 3"+4" 4n+5
@ S © s O s 9 e
i p™3 vyl &
© - 0 S @ e (8
. I’l2 " n2 . \/T"\/_
O i oner O "

" 9

Find the limit of the sequence %1 sin(n)'g.

Find thelimit of the sequence gnsi 17! (remember I'H™@l)
T e -

Series

Series give us oneof themos common ways of getting sequences.

Definition

A real series is something of theform:

ata,+ag+...with g " R.

It is often written # a; udng the notation invented by the Swiss mathematician

i=1

Leonhad Euler (1707D1783)wherethe! signstandsfor "summation®.

The a; aretheterms of the series.

From our point of view the important thing about a series is its sequence of

partial sums:

(a8, tay, & ta, +tag,a; +a, tag+ay,..)

n
which we can writeas (" ) with o, =a, +a, +...+ a, :Eai :

i=1

13



Definition
We say tha a series a; +a, +ag+... is convergent if its sequence of partial

sums is a convagent sequence and we write 2 a; forthelimit of this sequence.
i=1

" )
So# a; = lim(%,) = lim({## a } provided that this limit is areal number.
. *

If aseriesis notconvagent we cal it divergent.

Note tha the terms of series are separated by + signs the terms of a sequence
are separated by commas.

Some historical remarks.

Mathematicians have used series to peform calculations from the days of
Archimedes of Syracuse (287BC D212 BC) onwards but until quite late in the
19th Century they had little idea about how to handle them rigoroudy. The
Norwegian mathematician Niels Abel (1802 B 1829) expressed ther worries as
follows.

If you disregard the very simplest cases, there is in all of mathematics not a
single infinite series whose sum has been rigorously determined. In other
words, the most important parts of mathematics stand without a foundation.

The divergent series are the invention of the devil, and it is a shame to base
on them any demonstration whatsoever. By using them, one may draw any
conclusion he pleases and that is why these series have produced so many

fallacies and so many paradoxes ... .

These days we have a better undestanding of how to deal with them!
Examples

1 Theseries1+ 1+ 1+ ... diverges.

14



2. The Geometric Series 1+ 1 +r% +r3+... convagesif || < 1.
Proof
Thepatial sums o, =1+r+r?+..+7" " = 11_r andas n~ # we have
-r
n n & n
ﬁf% "r () 1" 0= 1 provided || < 1. L]
$1"r* 1"r 1%r
: o111 9
3. The Harmonic Series §.+ —+—+—+..! ISdivergent.
2 3 4 &
Proof
Group the terms as shown with two of them in the third group, then 4 in
the next oneand then 8 etc.
n (y n (y n (y n (y
+%1 0%+1 ; 1+1+1+£?|- 1+ +i(-)|-
& 6 7 8& 16&
n 1(y Il1 1% "1 1 1 1(y n 1 1 %
+ —+ —+— i
%&izl 4&%888& 6 16&
1+ 5 + ; + ; + ... and thisincreases withoutlimit. [l
Remarks
(@ Thisis called the Harmonic Series because of the muscal connection tha
Pythagoras (569 BC D475 BC) foundbetween reciprocals of integers and
harmony.
(b) Jacob Bernouli was thefirst to realise that this series diverges.
() In fact athough this series diverges to $ it does so rather slowly. For
1000000
example "' Liias .
|
i=1
To get thesum up to 20 you would need to take about300000000terms.
(d) If the terms of the series "' a do not form a sequence (a) which
convages to 0 then the series does not convege. The Harmonic Series
shows that the convease of this result is nottrue
4. TheseriesH ls conveges for any real s > 1 and divergesif s " 1

|=1I

15



Remarks
. 1 _$2
For example, Leonad Euler showed in 1780that # 27
o
i=1

Thefundion £(s) = E% can also bedefined for complex values of s. Thisis
i-1'
the Riemann C-function which isvery important in several areas of mathematics.

The main tool for deciding whether or not a series is convagent is thefollowing
result dueto Jacob Bernouli.

The Comparison Test for podtive series

If 0" a," b, for al i and the series "' a conveges then so does the series

1 Q

Proof
The sequence of partial sums of "' 4, is monotonic increasing since a; = 0 and

is boundel above by the limit of " b; and so is conveagent by the theorem on

monotnic sequences quoted above [l

Corollary
If 0" b " a forall i andtheseries'' b divergesthen so doestheseries'' a, .

Remarks

We can summarise this by saying tha for podtive series anything less than a
convagent series conveages, while anything greater than a divergent series
diverges.

To apply the comparison test you need a fund of "standard" series to compae
them to.

Examples

1. Since " Tldivergeﬁ,sodoes" %fors<l.
| |

16



2. Theseries" %converga
i

Pr oof
1 1 1

+ + + +...
1"2 2"3 3"4 4"5
The patial sumof thisis

Y 11 % 1 %1 1! 1 1 9 1'_,,1
n%#52*%#52*%#22*---*%m#n*%#m}‘1 n+1

(Compare this with Exercise 1(b) above)
Hence the sequence of patial sums (" ,)# 1 and the sequence is

Look at the series

convegent.
But the series + ! + ! .. < ! + ! + ! +...
2"2 3"3 4"4 "2 2"3 3"4
and so is convergent by the comparison test. [l
Remarks

Thisisaspecia case of Example 4. above

It follows that if s | 2then Hf ls conveages. Proving that this series convages if

i=1I

1<s<2ishade.

3. Theseriesl+£+l+i+... < 1+E+1+£+...
2 3 4 2 4 8

since n" 2™ forn ! 1.
Since the series on the RHS is a convegent Geometric Series, the series
ontheLHS convagesalso (infacttoe D1l)

In this last example we compared a series to a Geometric Series. If we do this
with a general series we can deduce:

The Ratio Test for Podtive Series

» : : .. a : :
Theposgtive series Eai converges if theratio lim —™L existsandis< 1.
n—o an

It diverges if thelimit existsandis > 1 (or $).
If thelimit =1 or fails to exist then thetest gives no information.

17



Pr oof

Suppo® that lim Bnil = | <1 <1 for somer.
n" # a

Then after some paint £ in this sequence all the terms are within (» — /) of / and

soare<r.
Th . 2 .

en ak+1<r a.k, ak+2<rak+1<r ak,
So compaing ay+ @y tau,+.. Wwith a +ra,+rla, +
convagence since the RH seriesis a convagent Geometric Series.
We may arguesimilarly to deduce divergenceif [ > 1.

Examples

n

1.  Theseries " x—'isconvergentforanyx! 0.
n.

gives

(Wehavetotakex ! OsincetheRatio Testisonly for positive series.)

Proof
n Xn+1
(n+1)! a, n+1

l[imit existsandis< 1

an = Gpap =

n

2. Eﬁ Isadivergent series.

Pr oof

n" n"t a n+1)" 1&
an =— Gpa = = ( ) f)"' ( ) €
nl (n+1)! a, (n+Hn"

as n— o, Hence thelimit existsandis> 1.

o 8- X 40 as nt #. Hence the

[l

3. The series " % for various values of s sometimes conveges and

|
sometimes does not (see above

But for all these seriestheRatio Test isincondusve since lim Gny _ )

n#a

So the Ratio test is a"less powerful” test than the Comparison test.

We now look at series whose terms are not necessarily all postive. The main

ideais:

18



Definition

A series'' a,, of (notnecessarily postive) terms is called absolutely convergent

if theseries "' |a, | is convegent.

Example

The series l—l+l—1+ E(—l)r”’1E is convagent but not absolutely
2 3 4 n

convegent

Proof

We may write f’ f‘+0 " 1?‘ é 12& =

i+ 1 + o+ 1 +_,,<$ 1 <$ and so this is
1"2 3" 4 2n#1)" (2n) (2n#1)?

convagent by the comparison test.
In fact this series conveagesto log,2 " 0.693
Buttheseries "' |a, | isthe Harmonic series which diverges.

Theorem
A series which is absolutely convergent is convagent.

Proof
We have 0" |a;|+a; " 2a;| and so if the series "' |a, | conveges so does

' (&|+a) by thecomparisontest.
n n n
Then the patia sum ", =} a =# (E \+ai)$# la;| and the sequences of

=1 i=1 i=1
patial sums onthe RHS both convege [l

Remark

Given aseries "' a, we may use the comparison test or ratio test on E\ a, | to

test for absolute convergence.

19



Example

Theseries # g Is absolutely conveagent (by comparisonwith " Lz ) and so
_n n
1=1

Is convagent.

For a series where the terms are alternaely postive and negaive we have the
following result proved by the German mathematician Gottfried Leibniz (1646D
1716)

Leibniz'stest for alter nating series

The series # ("1)"a, with a," 0 is convagent if the sequence (a,) is
n n n

monobnic decreasing with limit O.

Proof

"on =(ar#ay)+(aztas)+..+(agu #ay,)=

"on =ar#(az #ag)+(ag #ag)+..+ (azume # azum) # a, -

Since each @ " g, #0 we havetha (" ,,) is amonobnic increasing sequence
which (by the secondline) is boundel above by a; . Hence it is convegent by

the theorem on monotnic sequences,
Since (a,) =0 we have (" ,,4) convages to the same limit and hence the

sequence (" ,) of partial sums conveges. [l

Examples
-1" . :
1. 2 Is aconvegent (but not absolutely convegent) series.
\n
: 1,1 1,1 1,1
2. The uence of terms of the series =" S +=" —+=" —+..,
> 2 22 3 3% 4 4°
aternae in sign and convage to 0 but nor monobnically, so we cannot
apply Leibniz's test.
Andindeed: (l—i)+(l—i)+...+(l—i)+...:1+g+...+" 1.
2 2%2) \3 3?2 4 9 2
1ll 1

n
which diverges by comparison with the series 5>
n
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Exerciseson series

1. Determine whether or not the following Geometric series converge and
findthesumif it exists.

#
@ 3+i+4—‘°’2+4—33+ b $2r3t
(©) 3+(x"n+(X;D +(X;Pa+

2. By looking at the nth term show tha thefollowing series are divergent.
# )
# 2n

@ $.0 ® *oerd

n=l1 n=1

3. Use the Comparison Test to determine which of the following series are
convegent and which are dlvergent

@ # L o 3TN g oyl

4 2 n
N +tn°+1 —1 n 1= N3

0SS e )

4, Find lim %21 for each of the following series and use the Ratio Test to
n" # a,

determine whether or not the series conveges.

In+1 3" 100" oy n!
@ #2- 0 #5— © #= @ #>-
n=l1 2 n=1n +4 n=1 - n=le

5. Determine whethe the following series are convegent using any

appropn'atetest
\n
a) # (b) #3%
n= 1 +1 n=1
(d) l 1x4 1><4><7 l><4><7><10 l><4><7><10><13

2 2><4 2><4><6 2><4><6><8 2><4><6><8><10
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6. Determine whether or not the following Alternating series are convergent
and absolutely convergent.
# n +1 # n n+l ® n+l
("D" "D -D"5
@ $5, 0 $ om0 2

2 .
+
n=1 e

Power Series

We now look at an important application of series.

Definition

A series of theform # ¢, x" with ¢, ER iscalled apower series.
n=0

We are interested when this represents a fundion on the real line for different
values of x.

Theorem

If a power series is convegent at a point x = » > 0 then it is convagent at every
point of theinterval (-, r).

Themaximum value of » for which the power seriesis convergent in theinterval
(—r, r) iscalled the radius of convergence of the power series. andiswritten R.

Proof

Suppo< the series is convagent at x = » > 0. Choos an x with |x| < r. Then
we'll showtha theseriesis absolutely convergent at x.

Since is convagent we have ‘cnr ”‘ Is boundel (since if this became arbitrarily

large then the series could not settle down to a finite value). Suppo®
n
X

r

c,r" and

c,r"

n
<Mfor al n. Then \cn\<Mn and so ' < Mn\x\ -M"
r r

the series on theright is a convagent Geometric series. Hence the power series
Is absolutely conveagent by the comparison test.

[l
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Remarks

So the power series defines areal-valued fundion at any point x in its interval of
convergence. The power series may or may not be convergent at the ends=+R of
thisinterval.

In fact a similar result holds for complex power series. The area in which the
convagence takes place isthen acircle of radiusR. This explainsthe name.

We can usudly use the Ratio test to find the radius of convergence of a power
series.

Examples

o0

1. 1+x+x2+x3+...:zx”.

n=0
Using theratio test for absolute convergence:
n+l
%a£+1%=%x . ‘=|x|" X\ as n" #. So provided |x| < 1 the series is
n X

convagentandif [x| > 1it diverges. ThusRk = 1.
Notethat at x = +R andx = ER the series diverges.

12,153 01,
2. — - R
XX+ H X
n=1
n+l
Usingtheratiotestagain|a”+l|: n X" X" [xasn" #.

a, ‘ n+1‘ x" ‘_ n+1
Agan the series convages provided [x|] <1 andwe have R = 1.
Thistime the series convages at x = ER, butnotat x = +R.

oe]

3. 1+x+1x2+1x?’+...:zlxn (with 0! interpreted as 1).
2" '3 4
@[ XM 1

la, | (+D! x" | n+1

X" Oasn" # foranyx. Hencetheseriesis

convegent for all x and we say it has radiusof convegentR = $.
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Exercises on power series

1. Determine for which x the following power series convege. (Remember
to check for convagence at the endsof theinterval of convergence.)

@ H#2 Y © #0x
n=0 n=1

n+4 4"\/n o

Taylor Series

In theabovewe were able to use a power seriesto defineafundion. Convasely,
given a (nice-enough) fundion we may be able to find a power series to
represent it.

Definition
If afunction f(x) on an interval of the real lineis the limit of a power series

H c, X" thenthisiscalled the Taylor Series or Maclaurin Series of f.

n=0

Theorem
If fhas aTaylor series then we may write it as

# n
F(x) = (0)+ f"(O)x+% F(0)x2 +% o) +..=P O (0)%
n=0
Proof
If f(X)=cy+ex+e,x® +esx’ +...
then it is reasonable to suppo®:
F(x) = e+ 20x + Beax? +Aegx3 + ...
f"(X) = 2¢, + 3.2cx + 4.3, X% +5.4c:x° + ...
f™(X) = 3.2C; + 4.3.2C, X+ 5.4.3Csx* + ...

3

(%) =nle, +nlc,_qx+...
So putting x = 0 in theabovewe get f(0)=cg, f'(0) =c;, ..., f ™ (0) =nic, and so

c, :llf(") (0) as required. []
n.
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Remarks

a) The English mathematician Brook Taylor (1685 D 1731) published the
following more general result in 1715.
fla+ x)=f(a)+ f (a)x+—f”(a)x +—f”’(a)x +. Ef(”)(a)
or f(x)=f(a)+ f'(a)(x#a)+ P f"'(a)(x# a)? + 3 f"'(a)(x# a)+...

The previousresult (which is the case of a Taylor Series abouta = 0) was
proved indgendently by the Scottish mathematician Colin Maclaurin
(1698- 1746).

b)  To provethis result "propely" oneneedsto find a way of estimating "the
error' in the approximation. Othewise one cannot be sure tha
differentiating the aboveseries "term by term" is judified.

C) Note tha only really "nice" fundions have Taylor Series. For example,
thefundion f(x)=| x| is notdifferentiable at the origin and so does not
have a Taylor Series aboutO.

Examples

1. Let f(x)=expX)=€*.Then f'(x)=€*, {"(x)=¢",

2 3
and so the Taylor Series about0 of exp(x) is €* =1+ x+%+%+...
This series has radius of convergence $ and convegesto ¢* at any value
of x.
2. Let f(x)=sin(X) . Then

f'(x)=cos(X), f"(X)=#sin(x), f™(X)=*#cos(x), W (x)=sin(X),

So the Taylor Series aboutO of sin(x) is
2 43 3.5 7
X

sin(x) =0+ x" 1+ — 5 "0+ "HD .= - T

This series has radius of convegence $ and conveges to sin(x) at any
valueof x.
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However notice tha the value of sin(x) aways lies between £1 while the
patial sums of the Taylor Series are polynomals and are unboundé on

theRed line

Here is a picture of the graph of sin(x) and of some of the polynomials obtained
by looking at partial sums of its Taylor Series.

7 Degree 3 terms
19 :
sin(x)
21
17 13 q Degree S terms
2 4 6
. w X X ., X
3. Similarly cosx) =1" —+—" —+...
2 4 06
Terms of
degree 4
1z |8
16
20
cos(x)

18 14 10 6 Terms of
deqgree 2
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4. Let f(x)=tan(x) . Then
(%) =cos™(x), FUX)=2cos™ (X)sin(X), f™(X)=6cos™ (X)sin’(X)+2cos**(X),
... (andit getisworse!l) So the Taylor Series aboutO starts:

3 3
tan() =0+ x" 1+ > " 0+ "2+ . = x+ X g2y, M gr,
2 3 3 15 315

This shows the limitations of the method! The coefficients of the odd
powers of x depend on the Bernoulli numbers we met earlier.

5. Let f(x):% . Then

- X
1 2 2x3
f/ — ’ f/r — ’ f//r — ’ andso
) (1-x%)? ¥ (1-x)° ) (1-x)"
f(x):%:1+x+ x> + x> +... and we knew that already!
X

Notice that this Taylor Series has radius of convegence R = 1 and
conveages only ontheinterval (BX, 1).

6. Let f(X)=-log.(1-X) . Then

1 1 2
W)=—— f0)= "(x) = and so
PO S0 MW= -
"log, (1" x)=x+%x2 +%x3+%x4 +...

Remarks

(@ This is sometimes known as the Mercator Series after the Danish-born
mathematician Nicolas Mercator (1620D1687)who published it in 1668.
It was discovered independently by the more famous English
mathematician Isaac Newton (1643 B1727)among others.

(b) Youcan get it by integrating the previous example term by term Dif you
knowthat tha is alowed!

(c) If youputx =Bl inthis series you get the(correct) result:

log, 2=1" %+ ?1% ! % + ... thoughtha is rather hard to proverigorously!
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7. Replace x by " x? in example 4. to get v =1-x®+x*-x®+... and
+ X
integrate thisto get tan *(x) = arctanf) = x" %x3 NN
Then putx = 1lin thisto get arctan{) =— :1#E+E#1+...
4 3 5 7
Remarks
(@ Youwill nead quite a bit more mathematics before you can jugify all that!
(b) This is called Gregory's Series after the Scottish mathematician James
Gregory (16381675 who discovered it in 1671.He was thefirst Regius
professor of Mathematics at St Andrews and also invented the first
reflecting telescopeand built an astronomical observatory in St Andrews.
(c) Gregory's series convages too slowly to be a ussful way of calculating &

directly. A mathematician called Abraham Shap (1653D 1742 used the

above series for arctan(x) with x:i to calculate about 72 decimal

/3
places of &in 1699.

Exerciseson Taylor series

Find the Taylor series (about0) of thefollowing fundions

@ fx)=e* (b) f(0)=sin2x () f(x):L

1" 2x

Find thefollowing Taylor series aboutthe point a.
€) f(x)=Sinxata=Z (b) f(x)=£ata=l.
X

Find thefollowing Taylor Series as far asthetermin X2

(@ f(x)=tanxatazz (b) f(x)=sin‘1x=arcsiné<)ata:%.
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Summary

M athematical I nduction

To prove tha a propostion P(n) holdsfor al n" N first provetha P(1) istrue
Then provetha if P(k) istruethen P(k + 1) isalso true

Conver gence of sequences

The real sequence (ay, a,,as,...) converges to a limit a if al the terms of the
sequence eventudly get closeto .

Conver gence of series

A series # a; is convergent if its sequence of partial sums forms a convegent
=1
sequence.

The Geometric series 1 in isconvegentif |[#| <1 anddivergentif || > 1.
n=0

Theseries # Lk isconvagentif £ > 1andisdivergentif £" 1.
n=0
Tests for positive series
Comparison: 1f 0" & " b forall i and Eai convagesthensodoss ' b .

Ratio: "' & converges if theratio lim il eyists andis < 1. It diverges if the
n" # a,

limit existsandis > 1 (or $).

Leibniz's test for alternating series
If thetermsof "' 4, alternateinsignand lim a, =0 then the series converges.
n" #

Power series

The maximum value of » for which the power series # c, X" is convergent in
n=0

theinterval (-, r) is caled theradius of convergence of the power seriesand is
written R. It may (often) be calculated usng the Ratio test.

Taylor Series
If afundion f (x) can be represented on an interval by a power series H c,x"
n=0
. : : _1d"f
then thisisits Taylor series (about0) and for many fundionsc, e (0).
Idx
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Some of the mathematicians mentioned in these lectures

Pythagoras Archimedes
569BC B475BC 287BC B212BC
Born: Samos, Greece Born: Syracuse, Sicily, Italy

¥
—

Fibonacci of Pisa James Gregory

1175D1250 16381675
Born: Pisa, Italy Born: Aberdeen, Scotland
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| saac Newton Gottfried von Leibniz
16431727 1646D1716
Born: Grantham, England Born: Leipzig, Germany

74

# £,
Jacob Bernoulli Brooke Taylor
1654D1705 1685D1731

Born: Basel, Switzerland Born: Middlesex, England

31



Leonard Euler
16981746 17071783
Born: Kilmodan, Scotland Born: Basl, Switzerland

Niels Abel Edouard Lucas
1802D1829 18421891
Born: Stavanger, Norway Born: Amiens, France
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